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1 Intro duction

Abstract state machine (ASM) re nements have beenusedin many casestudies
basedon Gurevich's [Gur95] de nition, e.g.in [BR95] [BM96], [BS9g, [BS00H.

ASM re nements are usually veri ed using an informal notion of commuting
diagrams to structure correctnessproofs. Commuting diagrams are also used
in approades to the re nement of data structures (such as data re nement
[dRE98]) as well asin simulation approachesfor I/O automata [LV95], which
focus on the re nement of control structure. Sincere ning one ASM by another
may modify the data aswell asthe cortrol structure, a genericproof technique
for the veri cation of ASM re nements must necessarilycombine the proof tech-
niquesusedin both domains.

This paper givesa genericapproad, that formalizesthe idea of correctness
proofs using commuting diagrams. The motivation for this work is a casestudy
on compiler veri cation, where commuting diagrams have been regularly used
too (e.g.in the very large casestudy [Mo08§). Our casestudy consistsin the for-
mal speci cation and veri cation of a Prolog compiler ([SA97], [SA98], [Sch99)).
It is basedon [BR95], where a Prolog interpreter (speci ed asan ASM) is trans-
formed in seweral re nement stepsto an interpreter of assenbler code of the
Warren Abstract Machine (WAM). Commuting diagrams of various types are
usedinformally in [BR95] to justify correctnessof the re nements: onetime, 2
rule applications of the rst ASM arere ned by 3 applications in the next (2:3
diagram), other re nements use0:1 aswell as 1:0 diagrams, which implies, that
the correspondencebetweenthe states of the ASMs can not be functional. The
most complexre nements usem:n diagrams, wherem and n depend on the sizes
of the data structures stored in the states of the two ASMs involved.



Figure 1: Verication of are nement using commuting diagrams

The theory dewveloped here justi es the use of arbitrary m:n diagrams, and
gives preciseveri cation conditions. It was used successfullyin [Sch99] to for-
malize the proofs of 9 re nements. Although rst intended speci cally for deter-
ministic ASMs, we found it not too di cult to generalizeit to indeterministic
transition systems.Transition systems,execution traces, runs and a number of
temporal properties are de ned in Sect. 2.

Section 3 givesfour de nitions of re nement correctness:Presenation of par-
tial and total correctnessare already known from compiler veri cation, and tar-
getedto a pre/p ostcondition semartics, where only the results of computations
are of interest. Partial and total presenation of traces should be used for re-
active systemswhich should have comparable intermediate states. A common
requiremert for ASMs in this caseis that both should modify the value of some
dynamic functions (output functions) in the sameway.

Section 4 is the core of our theory: we de ne a genericproof method for the
veri cation. The idea is to allow two runs of the involved transition systemsto
be split into arbitrary diagramsusing a coupling invariant  asshown in Fig. 1.

Veri cation of re nement correctnessis reducedto the veri cation of a proof
obligation, which expressegshe commutativit y of a single diagram. We will call
the proof method generlized forward simulation since it generalizesforward
simulations from /O automata by including data re nement and by allowing
arbitrary diagrams instead of m:1 diagrams. We will shaw, that with minor
adaptations the proof method implies ead of the four correctnessnotions.

The proof obligation to verify re nement correctnessde ned in Sect. 4 is very
generic.Section5 shovshow to apply the theory to ASMs by expressingthe proof
obligation in Dynamic Logic (DL). Thereby the needto encale the sematrtics of
ASM rules as an explicit transition relation is avoided. A higher order-variant
of DL is implemented in the interactive speci cation and veri cation system
KIV ([RSSB98]), which was usedto formally ched all the proofs of this paper.
Instantiating the DL theorems,the KIV systemcan be directly usedto specify
and verify ASM re nements. This was done for the 9 re nements which were
veri ed in the Prolog-WAM casestudy mentioned earlier. Sinceexamples,which



require m:n diagrams with m,n = 0 or both m,n > 1 are either too complex,
to be preserted in this paper or are easily reducedto the standard 1:n (or m:1)
case(see Theorem 12 for an explanation), we refer for numerous examples of
sud re nements to [St99].

Section6 comparesour work to data re nement, work from compiler veri ca-
tion and to the re nement of I/O-automata. In particular we will show, that our
proof technique generalizesforward simulation, and allowsin somecaseto avoid
proofs using backward simulation. Generalizedbadkward simulation is de ned,
and someof its properties are sketched. Finally, Sect. 7 concludesand givessome
topics of further researd.

2 Transition Systems and Abstract State Mac hines

In this sectionwe will de ne a genericframework for the re nement of transition
systems.Although we have re nement of ASMs in mind, we will not be specic
about the setof statesnor about the way transitions are speci ed. Our de nition
is simply:

De nition 1. [Transition System]
A transition systemM = (S,I, ) consistsof a set of states, a subsetl S of
initial statesand a transition relation S S

For the usual de nition of an ASM as given in [Gur95], which the readeris
assumedto be familiar with, the set of statesis someset of algebrasover a given
untyped rst-order signature, and the transition relation is computed asthe set
of updates of the ASM rules. We have refrained from being so speci ¢, sincewe
want our approach to be applicable for any set of states, e.g.:

{ typed ASMs with a many-sorted (or higher-order) signature.

{ ASMs with recursiverules, wherea rule application may fail to terminate. In
this casewe include a\? " Algebra in our set of statesto expressdivergence.

{ ordinary valuations of ( rst-order or higher-order) variables.

{ state setsof I/O automata (this instance will be discussedin Sect.6).

We have also not beenspeci ¢ about the transition relation or the syntax of
rules. Here, we just want to x the following \standard case",to be used later
in specializations of the main theorem:

De nition 2. [standard ASM]
A standard ASM hasthe form if ; then RULE,
if - then RULE,

if , then RULE,
where 1 ... , aredisjoint predicatesover states,i.e.: (i * ;) holdsfori 6 j.



Typical standard ASMs usedin compiler veri cation (e.g. [BR95] for Prolog
and [SSBO0] for Java) specify an interpreter, where the tests ; distinguish be-
tweenthe instructions of the interpreted language.Often, eadh RULE; is just a
number of parallel function updates.

To reasonover a transition systemsM we make useof sometypical relational

operators: ; is the composition of relations S SPand P s 1
is the inverserelation of . " is the n-fold composition of ( © is the identity
relation). is the union of all " forn 0.

De nition 3. [nal states, traces, runs and I/O behavior]

{ A statesof M is nal, if it hasno successostate with respectto . The set
of nal statesis denoted with O (output states). In a standard ASM, the
predicate nal(s) is the conjunction of all negatedrule tests.

{ A trace (or execution) :nat! SofM isasequenceof states,sudc that for
ead i either (i) isnot nal and ( (i), (i+1)) holds, or otherwise (i+1)
= (i). We write trace( ) in this case.

{ Arun of M isatrace that starts with aninitial state (0) 2 I.

{ The partial input/output behaviour PIO(M) S Sof M is the setof pairs
(s,%) of statessuch that s2 I, 552 Oand (5,%).

{ The total input/output behavior TIO(M) S (S| f? g) extendsthe
partial one by adding pairs (s,?) for those initial states s with an in nite
(i.e. nonterminating) run.

Our formal de nition of traces extendsa nite trace, which endsin a nal
state, to an in nite one by repeating the nal state. This uniform treatment
simpli es the axioms and theorems which will be given later on. Nevertheless
we will call a trace nite, when it doesrepeat a nal state. Note that a trace
which becomesconstart by repeating a state s with (s,s) 2 is possible, but
not called nite.

To reasonover executionsof transition systemswe de ne two temporal op-
erators AF(s,p) (\for all executionsstarting with s predicate p will evertually
hold") and EF(s,p) (\for someexecution starting from s predicate p will even-
tually hold"):

AF(s,p) :$ 8 . (0)=s~trace( )! 9n.p( (n)

EF(s,p) :$ 9 . (0) = s~ trace( )™ 9n.p( (n) (@)

It is easyto verify that theseoperators could also be de ned as xp oints of the
following recursions(as was done in PVS [RSS95):

AF(s,p) $ p(s) _: nal(s) " 8. (s,%)! AF(so,p)

EF(s,p) $ p(s) _: nal(s) » 9. (5,%) " EF(so,p) 2)



For nite nondeterminism,i.e.whenfsy: (s,%)gis nite for all statess, AF(s,p)
and EF(s,p) can also be de ned by iteration *:

AF(s,p) $ 9n.8s. }(s,%) " P(so) 3)
EF(s.p) $ 9n.9s. ;(s,%) " p(So)

where , = f(s,9) :if : p(s) ™ : nal(s) then (s,5) elses= sp0. Finally, we
de ne abbreviations AF+(s,p) and EF+(s,p) which require p to hold in a state
reachable from s with a positive number of rule applications:

AF+(s,p) :$ : nal(s) N (8. (5,%)! AF(so,p))

EF+(s,p) $ : nal(s) » (9. (5,%) " EF(s0,p)) )

3 Renemen t of Transition Systems

In this sectionwe will discussre nement (also called implementation) of a tran-
sition system M = (S,I, ) by another M° = (S°I1% 9. M is often called the
\abstract" system, M?the \re ned" or \concrete" system.We will use primed
versionsof all notions de ned in the previous sections,when we apply them to
M?, sowe will uses?for a state of M® Q°for its nal states, ° nal %, AFC etc.

We will now give four de nitions of re nement correctness.The rst two
notions do not consider intermediate states of M and M° but input/output
behavior only. They are typically usedin compiler veri cation, where M is an
interpreter for a sourcecode program and M? is an interpreter (or a processor)
that executescompiled machine code. Both de nitions assumethat we have
giventworelations | | 1%and o O O%which determine, when initial
resp. nal states are consideredto be equivalert. In compiler veri cation,
often is de ned as a function that maps an initial state of the interpreter M
which storesa program p and its input to an initial state of M°which storesthe
compiled program compile(p). But if we just give some properties of function
compile (\compiler assumptions") that allow various implemertations then
may also be non-functional. Similarly, the usual requiremert for o in compiler
veri cation is, that M° storessomerepresenation of the output value computed
by M.

De nition 4. [presenation of partial correctness]

Giventwo relatons ;| | 1%%and o O 0% M%is a correct re nement
of M that presenespartial correctness(with respect to the two relations) i for
any nite run %of MOwith nal state Yn) there existsarun of M, such that
0) | 90), and for somem, (m) is nal with (m) o 9qn).

! the restriction to nite nondeterminism is necessaryonly for the AF operator
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Figure 2: Re nement that presenespartial, but not total correctness

Informally, the de nition says, that terminating runs of M°cannot yield other
results, than could be obtained by running M. Terminating re ned runs simulate
terminating abstract runs via the input/output correspondence.Presenation of
partial correctnesscan also be speci ed using partial input/output behavior as
PIO(M 9 . LPIO(M); o. Tojustify the terminology, note that in the case,
whereS= SLand |, o are both the identity relation, a correct re nement
implies that every partial correctnessassertion(as de nable in Hoare's calculus
[Hoa69) that holds for M also holds for M°. Presenation of partial correctness
is a weak form of correctness,sinceit allows to implement an ASM with one
terminating (i.e. nite) run by one, which always diverges. Nevertheless this
notion has interesting applications in compiler veri cation (see[GDG™* 96]).

To rule out the implementation of terminating computations with nonter-
minating ones,a rst idea would be to require that not only M°is a correct
re nement of M, but also that M is a correct re nement of M° (we say that
the re nement is \complete" in this case).This approac works for determinis-
tic ASMs, but not for nondeterministic ones:Fig. 2 shows an example, where a
deterministic ASM M with exactly oneterminating run is re ned with a nonde-
terministic M?, that has the sameterminating run, but an additional nontermi-
nating one (assumingthat the two initial states as well asthe two nal states
are equivalen).

In the exampleevery terminating run of M° simulates a terminating run of M
(and vice versa). But still M°may fail to terminate. Also, completenessprevents
implemertation of a nondeterministic ASM with seweral terminating runs by
a deterministic one which has only one of them, which is often conveniert. A
re nement notion, which allows to restrict nondeterminism, but rules out the
situation of Fig. 2 is the following:

De nition 5. [presenation of total correctness]

A re nement from M to M? presenestotal correctnessi it presenes partial
correctness,and if for any in nite run °of M there exists an in nite run  of
M such that (0) | YO0).

The stronger de nition implies, that terminating as well as non-terminating
re ned runs simulate an abstract run via the input/output correspondence.The
inclusion TIO(M 9 P LTIOM),( o [ f(?,?)0) is implied by the presena-
tion of of total correctness.In the special case,whereS= S"and |, o are



both the identity relation, this means,that the re nement presenesall total
correctnessassertions.

Our third and fourth de nition of re nement correctnessare targeted to-
wards ASMs, where not only the input/output behaviour matters, but where
the ASMs are required to passthrough \similar" states. We will give a very
genericde nition using an arbitrary similarity relation . A typical instance of

is, that both ASMs give the sameoutputs (or additionally, have acceptedthe
sameinputs). We will discussthis instance in detail when we show that 1/O
automata re nement is a special casein Sect.6. The genericde nition is:

De nition 6. [partial and total presenation of traces]
Given a relation S S’arenement from M to M%totally presenestraces
i it presenestotal correctnessfor | dened to be \ (I 19 and for o
=\ (O 09, and if for any innite run ©°of M° there is an in nite run
of M and two strictly monotone sequencesy < i; < ...and jp < j1 < ...of
natural numbers, such that for every k (i) %) holds. For a re nement to
partially presene traces, the re nement must presene partial correctnessand
the sequencdy i1 ...is only required to be monotone.

As for presenation of total correctnesswe require that ead re ned run sim-
ulates an abstract run via the input/output correspondence.But additionally we
require that anin nite re ned run must simulate the corresponding abstract one
by passingthrough in nitely many corresponding states. Just like presenation
of partial correctness,partial presenation of traces allows to re ne a nite run
with an in nite run, while total presenation of traces doesnot. While we pre-
fer total presenation of traces asthe more intuitiv e notion, it should be noted,
that re nement of I/O automata views termination asan invisible property, and
prefersthe weaker notion of partial presenation of traces (seeSect. 6).

In practical applications, we will often have diagrams of minimal size,i.e. the
sequencegiy, iz, ...) and (j1, j2, ...) will additionally satisfy, that there are no
iandj with ix < i< i1 andjk < j < je1,sudrthat 5 5 holds. We did not
add this minimalit y requiremert to the de nition, sinceit can be easily shown,
that the existenceof suitable sequencediy, i, ...) and (j1, j2, ...) implies the
existenceof sequenceghat additionally satisfy the minimality requiremen.

4 Generalized Forward Simulation

In this sectionwe considerveri cation of ASM re nements by using commuting
diagrams. The idea already suggestedby Fig. 1 is to split similar computations
into ( nitely orin nitely) many subcomputations (of nite length), and to verify
that ead pair of subcomputations presenesa coupling invariant , i.e. aformula
that describessomesimilarity relation. If wewant to verify presenation of traces,



Figure 3: m:n diagram

the coupling invariant may be equal to the similarity relation , but often a
generalization is needed.

Our proof method will propagate the invariant forward through traces, soit
is a form of forward simulation (we will considerbadkward simulation in Sect. 6).
The main problem we have to solve, is that we want to be able to usearbitrary
diagramsto cover two similar runs of both ASMs, not just 1:1 or 1:n diagrams
which are often found in the literature.

Given a similarity relation  betweentwo ASMs M and M? a rst attempt
to de ne a\most general" commuting diagram is to require that for two similar
statess s not both nal, there must be m,n, not both zero, suc that M
reaches a state s, with m rule applications (i.e. ™(s,sn)) and M° reaches a
similar state in n steps(i.e. 9(s%s}) and s, <) asshawn in Fig. 3.

To make sure, that every trace of M%is a re nement of an M trace, we must
require a suitable state s, to exist for every choice of s). Unfortunately this
approad is still not generalenough:if M?is nondeterministic, we may have to
choosethe sizen of the diagram depending on the actual trace that M°takes.In
the worst case when M?simulates onestep of M with a randomly chosennumber
of steps, there is no xed upper bound to n. Therefore we allow the number of
rule applications of M°to depend on the actual trace chosen,and require only,
that MO eventualy reachesa state 3 which is again similar to somestate sy, of
M. Using the AF and EF operators of Sect. 1 we can expressthe commutativit y
requiremert for a diagram as follows:

s 27 (nal(s) A nal qs9)
I EF+(s, s.% ) (5)
_AF%(s® LEF(s, s.5% X))

The rst disjunct considers(triangular) m:0 diagrams where after a positive
number of rule applications of M a state sy with 5 X is reached. The second
disjunct considersm:n diagramswheren > 0: Then s?is not nal and on every
trace of M%starting from s’ a state 3 must be reached after somepositive number
of rule applications, that allows to complete the diagram with a state sy, that
can be reached by M with some(possibly zero) rule applications.



Figure 4: innite chain of m:0 diagrams

Condition (5) is too generalto establish re nement correctness:the reason
are m:0 diagrams, that allow to re ne an in nite trace of M with a trace of M°
that doesno stepsat all asshown in Fig. 4. This violates presenation of partial
correctness.

To avoid this situation, we usea wellfounded order < ;o that must decrease
during an m:0 diagram. Dually, to avoid in nite chains of 0:n diagrams, that
would violate presenation of total correctness(but are acceptable,when only
presenation of partial correctnessis required), we use an order <g,. In the
Prolog-WAM casestudy we found, that it is usually easy to nd a suitable or-
dering, when successie 0:n (or m:0) diagrams are possible:either M° decreases
the size of somedata structure stored in its state, or it builds up a data struc-
ture already presert in the similar state of M. Then the order is de ned asthe
di erence of thesesizes.To be suitable for the latter casewe de ne both orders
to be predicateson two pairs of states: <0, <on (S ) (S .

With these predicates our generic proof obligation for generalizedforward
simulation becomes:

s 27 (nal(s) A nal qsY)
I EF+(s, s0.% " (50,8) <mo(s.8) ) (VC)
_AF%(® . EFHS, s.% ) S 7 (5%) <on(sS))

The rst disjunct requires <o to decreasefor m:0 diagrams, the second
requires< o, to decreasejf the state s reached by M®is immediately equivalert
to the s (i.e. when we have a 0:n diagram). With this generic proof obligation,
we can now prove the main result of this paper:

Theorem 7. [soundnessof generalizedforward simulation]
A re nement from M to MCtotally presenestraces, if

1. for ead initial state 2 1°thereiss2 | with s &°
2. veri cation condition (VC) holds
3. the coupling invariant  is strongerthan (i.e.s s°! s s’holds)

For partial presenation of traces, the condition that <, decreasedor 0:n dia-
grams may be dropped in (VC).

Since presenation of traces is stronger than presenation of correctnessthe
theorem immediately implies



Corollary 8. If

1. for ead initial state s°2 [9thereiss2 | with boths sPands | &
2. veri cation condition (VC) holds
3. for nal statessands’ s <impliess o &

then the re nement presenespartial and total correctness.For presenation of
partial correctness,the condition that <g, decreasedor 0:n diagrams may be
droppedin (VC).

The proof of the theorem is basedon the idea of composing diagrams. We
will give the main lemmashere, full details are givenin the appendix.

The proof starts by showing that the situation of Fig. 4 is now impossible.
Wellfounded induction proves

Lemma 9. s ! AFYs’, L. EF+(S, . ) naYsHrs D)

i.e. that MY must progressto a state s, that either allows to complete a diagram
with a positive number of stepsof M, or is nal and similar to s.

Similarly, using wellfounded induction on <g, it can be proved that, if no
m:n diagram with n > 0 is possiblefor s s then, by adding m:0 diagrams, M
will reach a state s, for which 5 s still holds, but which doesnot allow to
add any more m:0 diagrams:

Lemma 10.

s A AF%(SO . EF(S, S-S W)
I EF(s, S.S% " : EF+(so, s1.51 &)

Combining both lemmas, we get that by adding diagrams, both M and M°
will actually make progressin non- nal states:

Lemma 11.

s 2 npals) *: nal qs?
I AF%(s® 5. EF+(s, .% )

Starting from s 0 both systemswill reach similar states s, and s with a
positive number of steps. Intuitiv ely, composing diagrams will result in an m:n
diagram with both m,n > 0. If the condition, that <, decreaseds missingin
(VC), (11) can be proved with AF° replacing AF%.

To completethe proof we now choosean arbitrary run  °of M% Then the rst
precondition of our theorem guaranteesthat initially s %0) for somesuitable
initial state s of M. lterated application of Lemma 11 guaranteesthat we can
construct atrace and an in nite, strictly increasingsequenceof state pairs on
the traces and ©, which are similar with respectto . Although the proof is
intuitiv ely simple | in nitely many m:n- diagramswith m,n > 0 are composed



| the technical details are actually quite complicated, since constructing a full
trace of M with the required property from nite piecesmust usethe axiom
of choice. Sinceadding a m:n diagram with m > 0 (n > 0) is not possiblefor a
nal state | EF+(. ..) resp. AF%(. ..) are falsefor a nal state | the trace
Oof M%is nite i is nite. This implies that the re nement totally presenes
traces with respectto . Sincewe have required to imply  this completes
the proof of the main theorem.
The main theorem implies, that our re nement technique results in an in-
variant of M%

Theorem 12. If the proof obligations of Theorem 7 hold, the formula
INV(s) :$ 9s.s2 1" AFYs’, 8. EF(s, .S ) (6)
is an invariant of MO (i.e. ead reachable state s° of M satis es INV).

Informally, the invariant says that from any readchable state s° of M? a state
s} can be reached that is similar to somereachable state s of M. Intuitiv ely,
Theorem 12 follows from the main theorem just by stepping forward from s°
in the trace of M%until a state is found, that completesa commuting diagram.
The formal proof usesthe samebasic lemmas as the one of Theorem 7 in the
appendix. It can be found in [Sch99. Theorem 12 allows to use invariants in
stepwise re nements: assumewe have two re nements from M to M° and from
M%to M% Then after veri cation ofthe rst re nement, we can usethe invariant
(6) (or any formula implied by it) asan additional precondition in the proof of
the veri cation condition for the secondre nement. In the Prolog-WAM case
study, where 9 successie ASM re nements were veri ed, typically the size of
the coupling invariant could be halved by using an invariant from the previous
re nement. An immediate corollary of Theorem 12 is the following:

Corollary 13. If is a coupling invariant, that allows to verify the proof obli-
gations of the main theorem, then relation * , de ned as

s' 2% AFYS®, L. EF(s, S.% )

is a coupling invariant too, that allowsto verify presenation of tracesusing m:1
diagrams(m  0) only.

The corollary shows, that in theory, we can avoid m:n diagramswith n > 1,
but that this restriction may havethe price of a more complexcoupling invariant,
that must talk about all intermediate states presert in the next commuting
diagram (these are the future states about which operators AF® and EF make
an assertion). Also using ' instead of  will result in a correctnessproof that
partly reiterates the genericproof of the main theorem. Our experiencewith the



re nements of the Prolog-WAM casestudy shows, that when [BR95] proposed
the useof m:n diagramswith m,n > 1, using m:1 diagramsinstead, aswas done
in [Pus9q, indeed complicates proofs.

5 ASM Renemen ts and Dynamic Logic

Veri cation condition (VC) talks (via AF and EF) about the transition relation
. This is inconveniert for the veri cation of ASM re nement, sinceit requiresto
encade the semartic transition relation of ASM rules explicitly into the syntax of
the logic usedfor the veri cation. This is possible,and hasbeendonein Isabelle
[Pus9q and PVS [Dol98] using a tuple of (function) variables to represen a
state (i.e. an algebra). But the encaling can be avoided by using Dynamic Logic
(DL). Either the original de nition of DL ([Har79]) can be used (using a data
type of dynamic functions or using higher-order function variables), or variants
of DL that directly dealwith function updates (seee.g.[GR95],[Sc95],[SNO1]).
DL extendspredicate logic ( rst-order or higher-order doesnot matter) with
two operators|[ ] (read: \b ox Y and h i (read:\diamond ") where
may bean imperative program or an ASM rule and may bea DL formula again.
The informal meaning of the two formulas is \for all terminating executions
of the nal state satises " and\ has a terminating execution such that
holds afterwards". We will use an extended version, which also de nes an
operator i j (read: \strong diamond ") that formalizes\all executionsof
terminate in a state satisfying ". This operator is not presert in ordinary
DL (but de ned in the KIV system), sinceit requiresto de ne the relational
semarics of  with an explicit \b ottom-state" ? to expressnon-termination.
For imperative programs such a semartics is de ned e.g.in [dRE98], ASM rules
which may diverge (e.g. recursive rules as in [GS97, [BS004 or [SN01]) can be
given a similar semartics. For a rst-order formula , i j and[ ] ) arejust
another way to denote the weakest resp. weakest lib eral precondition of  with
respect to
In the following we will consider (ordinary) ASM rules rst, which always
terminate. In this casethe AF and EF operator are equivalert to the termination
of a while-loop which chedks after eadh rule application, whether p is true:

EF(s,p) $ hwhile : p(s)” : nal(s) do RULEip(s)
AF(s,p) $ lhiwhile : p(s)~ : nal(s) do RULEjip(s)

Note that while the abbreviation EF(s,p) mertions the full state s, there is no
needfor the DL formula to do so: predicatesp and nal aswell asthe ASM rule
RULE can just accesshe relevant dynamic functions of the algebras.

An important special caseis nite nondetermism. Distributed ASMs as de-
ned in [Gur95] ony have nite nondeterminism, sincethe agert to apply a rule



is always chosenfrom a nite set of active ones.In this case,EF and AF become
repeated rule application:

EF(s,p) $ 9 n. hif : p(s) then RULE)"ip(s)

AF(s,p) $ 9 n.[(if : p(s) then RULE)"]p(s) )

To avoid an additional chedk, we have assumedthat calling RULE in a nal
state does nothing. The strong diamond operator is no longer needed, since
termination of the whole loop is no longer an issue.lteration of rules becomesa
kind of \for" loop. Such loopsare already usedin DL to axiomatize while loops.
If the ASM is deterministic, or if the number of stepsnecessaryto complete a
commuting diagram is independert of the trace chosen,the ched for \: p(s)"
in (7) may be dropped.

In practical applications, veri cation of (VC) will usually split into seweral
cases,one for ead type of diagram. In this casethe coupling invariant is
equivalent to a disjunction. Each disjunct ¢ describesone situation, whereit is
possibleto add a speci ¢ next diagram. For two standard ASMs, a typical situ-
ation hasthe form ~ ; » J-O (k rangesover all possiblepairs i,j) which means
that it xes RULE; and RULE]-O asthe rst rules of the commuting diagram.

If the diagram for casek (i.e. s  s”holds for statess,s, not both nal) has
a xed sizeof my rule applications of M and ny rule applications of M°, then the
quarnti ers in (7) can be instantiated and it is su cien t to prove one the three
conditions:

{RULE‘]. . [RULE‘% rRULEi .{7. rRULEi s &

ng times mg times
L= [RULE;].%ESRULE'%(S 7 (s.8) <on (5.9)) ®)
s= s ! [RULEi._ .IRULEj(s " (59 <mo (S0,89)
rR mk{;izmes j

Proof obligations becomemore complex, if we considerASM ruleswhich may fail
to terminate, sinceequivalence(7) doesno longer hold, and strong diamondscan
no longer be replacedwith boxes. To deal with this case,we have to usea state
space,which includesa ? elemen for nontermination. The transition relation
and (VC) then explicitly mertion nontermination, e.g. (s,?) will hold for states
s, where the systemmay diverge. To use Dynamic Logic in this casewe have to
transform formula (VC) equivalently into a formula, which talks about nonter-
mination only implicitly via the diamond-operator. For deterministic ASMs the
resulting condition is



s Prs=gNrL=gA: (nalis) » nal (sY)
! 9m,n HRULE)™h(RULEY)"is <
_9m hRULE)"i(s " (s0,8) <mo (5.9)) 9)
_9n. hRULE)"i(s 7 (5,9) <on (5.9)
9 m, n. \RULE) Midiverges(s)* (RULE9"idiverges($)

The states s,9 etc. mertioned in (9) can not be ?, divergenceof rules is en-
coded only in the abbreviation diverges(s) which expandsto \: hRULEitrue".
Comparedto always terminating rules we now have an extra case:alternativ ely
to showing that an m:n diagram follows (with the appropriate cheds for m,n =
0), both ASMs may diverge.Note that the condition for the deterministic caseis
fully symmetric in ASM and ASM®, corresponding to the fact, that presenation
of total correctnessand total presenation of traces are symmetric too in this
case:a correct re nement of deterministic ASMs is always complete.

The most problematic caseare rules which may nondeterministically diverge.

If the application of such a rule is allowed only asthe rst rule of a diagram we
proved that the condition

s 7 (nal(s) * nal (s9)
I EFHS, 0% 7 (s0.8) <mo (5:9)))
nal qs?
A (maydiv(s) ! EF(s, so.: nalYsp) » maydiv(so)))
A [RULEYs?)] (10)
AF(s® . EF+(s, $.% )
_inv(s,8) * (s,8) <on (5,9)
diverges(§) ~ : nal s9)
N EF(S, S.: nal(so) * maydiv(sy)))

is equivalent to the original condition (VC). The proof obligation now uses(7)

to de ne AF and EF as abbreviations. maydiv(s) abbreviatesthe potential for

divergenceformalizedas\: HRULEjtrue". The seconddisjunct, which considers
m:n diagramswith n > 0 (so s”is not nal) now handlesdiverging rules: If the

rst rule application of M® may diverge,then M must be able to reach a non nal

state 9, whereit may divergetoo. If the rst rule application of M° terminates,
it must be possibleto reach a state s? which satis es one of the following two
conditions: either ) allows to complete an m:n diagram (with <, decreasing,
whenm = 0) or the next rule of M° applied on s} surely diverges,and M has a
nonterminating trace from s.

Note that condition (10) is neededonly for those cases,where the diagram
under consideration executesnondeterministic, potentially diverging rules. If no
sud rules are involved, the condition simpli es badk to the simpler conditions
mertioned before.



6 Related Work

6.1 Data Renemen t

Data re nement considersre nement of a set of (abstract) operations by another
set of (concrete) operations. A re nement is correct, if for every program it
is possibleto replace the abstract operations with the concrete ones, without
changing its \meaning". The meaning of a program is usually described using
initialization and nalization operations, or using equivalencerelations | and

o aswe have done. Correctnessis proved by de ning an equivalencerelation

(often a functional relation, called an \abstraction function" is used) and
veri cation of a 1:1diagram for ead pair of corresponding operations. The actual
commutativit y proofs may either shaw, that if  holds before the operations,
then it will hold afterwards (forward simulation) or they may show, that if
holds after the operations, then it will hold beforethem (backward simulation).
A good introduction to data re nement is [dRE98], which also discussesthe
instancesusedin the speci cation languagesVDM [Jon9( and Z [Spi8].

It is possibleto view ASM re nement as an instance of data re nement,
using the two ASMs as monolithic operations. In this case,our de nitions of
presenation of partial and total correctnesscoincide with the onesin [dRE98].

On the other hand, it is more interesting to view data re nement asa special
caseof ASM re nement. This is possiblewhen operations have a relational se-
mantics and are therefore expressibleas ASM rules (we do not considerpredicate
transformer semartics, asde ned e.g.in [GM91])).

To simulate the behaviour of every possibleprogram over a data type D, we
de ne an abstract state machine ASM(D), which randomly executesin ead state
oneof the available operations or terminates. Giventwo data typesD and D, the
proof obligations for data re nement then coincide with the special caseof 1:1
diagrams for ASM(D) and ASM(D 9. Therefore data re nement presenestotal
resp.partial correctnessf forward resp.backward simulation canbe showvn. Data
re nement is more restrictive than ASM re nement: Sincea concreterun should
simulate an abstract run which calls the same operations, it must also presene
the 1:1 correspondencebetweenoperations. ASM re nement doesnot have such
a requiremert, although for standard ASMs some correspondenceaccording to
the form of the diagrams used often can be found.

Recerily, a number of de nitions of data re nement have been given, that
weaken the 1:1 conditions for rule correspondence.An extensive overview is
given in [DBO01], which also discussesapplications to Z and Object-Z speci -
cations: \Non-atomic re nement" allows to re ne one abstract operation by a
xed sequenceof n > 0 concrete operations and requires veri cation of an 1:n
diagram. \Alphab et translation" allows to implemert di erent casesof one ab-
stract operation by di erent concrete operations. Other generalizationsclassify



operations as external and internal operations, and require a 1:1 correspondence
for external operations only. Programs are constrainedto executea nite num-
ber of internal operations (assumedto be invisible) betweenany two external
ones.This constraint is assumedfor the abstract data type and must be enforced
for the concrete one using a well-founded order, that decreasedor internal op-
erations. Two approacesfor veri cation are de ned: the rst uses\stuttering
steps" and provesin addition to the commutation of 1:1 diagrams for external
operations that 1:0 and 0:1 diagrams commute for internal operations. The sec-
ond, more liberal approad, called \w eak re nement”, requiresto verify all m:n
diagrams, where eacth data type executesone external operation in betweentwo
arbitrary sequence®f internal operations.

For eac of thesegeneralizationswe have shawn, that the veri cation condi-
tions are instancesof our genericveri cation condition (VC): Alphabet transla-
tion and stuttering stepsare already accommalated by our theory. Non-atomic
re nement requiresto group the implementing sequenceof concrete operations
into one ASM rule. Weak re nement requires a small modi cation to Theorem
7: The rst condition hasto be weakenedto

s2 172191 AFYs’, . EF(s, s.% ) (11)

This allows the rst commuting diagram not to start in two initial states, but
only after somesteps (which are internal stepsin the caseof weak re nement).

6.2 Renemen t of /O Automata

Even more similar to ASM re nement than data re nement is the re nement of
I/O automata [LT89],[LV9I5]. /O automata are state transition systemssimilar
to ASMs, but their state transitions are labelled with actions. Formally an I/O

automaton modi es De nition 1 by requiring: S A S,whereAisa
set of actions. Actions are classi ed as input and output actions. Input actions
should be possiblein any state, sincethey are assumedto be under the cortrol

of the ervironment. The set of actions always contains an \empty" (also called
\stuttering" or \in ternal”) action , which signi es no in- or output. Runs of
an automaton consistof nite or in nite sequencegso, ag, S1, &1, S, ... ), Suc
that s 2 | and (s, &, S+1 ) 2 for every i. A trace of an automaton extracts
the nonempty actions from arun: (agp, a;, a2, ...) n . Re nement is de ned as
the inclusion relation betweenthe setsof traces of two automata.

The re nement notion betweenl/O automata can be viewed as an instance
of our presenation of traces as follows: de ne the state of the transition system
to be a pair of an automaton state and a list al of actions done so far (i.e. we
record the actions in a history variable). The ASM starts with an empty action
list, and has a transition from (s,al) to (sp,a:al), when the automaton had one
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Figure 5: re nement that can be veri ed with generalizedforward simulation,
but not with forward simulation

from s to 5 labelled with the nonempty action a. For the empty action , the
action list remainsunchanged.We have provedthat re nement of I/O automata
(Tt in [LV95]) correspondsto the partial presenation of traces,with a similarity
relation that requiresequality of action lists. Re nement of I/O automata allows
the re nement of a nite run with an innite run, when both runs have no
output (i.e. only actions), soit doesnot presene total correctness.Note, that
presenation of partial correctness(with o de ned againto be equality of action
lists), correspondsto the subsetrelation on nite traces( 1 in [LV95]).

Actions of I/O automata correspond closelyto the modi cation of input and
output functions in ASMs. To prove, that two ASMs modify an output function
in the sameway alsorequiresa history variable, which recordsthe modi cations
of the output function, before commuting diagrams can be veri ed using (VC).

A forward simulation on I/O automata is de ned as a relation , that al-
lows to verify m:1 diagrams. If the action of the concrete automaton M? is the
nonempty action a, then exactly one of the m > 0 actions of the abstract au-
tomaton M must be nonempty and equal to a. Otherwise, m may be zero and
all actions of M must be empty.

Our proof technique for ASM re nement generalizesforward simulation of
I/O automata re nement in two ways:

1. It allows to verify m:n diagrams, which executemore than one nonempty
action. As a consequencehadckward simulation canbe avoidedin many casesthe
standard example of Fig. 5, which can not be veri ed using forward simulation
only (assumingsy | 0, Sa o B, and s, o SY,) can be veried using a
2:2 diagram and generalizedforward simulation. Many other examples(e.g. the
onesin [DBO01]) are similar. Nevertheless,there are still exampleswhich require
backward simulation: oneis givenin Fig. 6, assumings;a | S5, sip 180, S o
S, and s o %b. Whether such examplesare relevant in practice is a topic
for further researd.

2. Presenation of traces may be usedto verify re nements which implemert
the actions themseles:If the abstract level givesead output asa 16-bit word,
but the concrete level does two actions, ead giving one byte, this is easy to
accommadate in our framework (just usea slightly modi ed similarity relation),
while it is not possiblein a framework, wherethe abstract and concretelevel are
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Figure 6: re nement that cannot be veried with generalizedforward simula-
tion, but with badkward simulation
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Figure 7: re nement, which only presenespartial correctness

required to have the same set of actions.

Note that our generalization of forward simulation is nontrivial, since the
reduction to m:1 diagrams given in Corollary 13 usesa relation ' , which may
hold between states which have done di er ent actions, so' is not a forward
simulation in this case.

Our re nement notion also generalizesthe approach of normed simulations
[GV98] for I/O automata, which uses0:1, 1:1, and 1:0 diagrams. The \norm"
is equivalent to our wellfounded order <. As an interesting aside, [GV98]
wants diagramsto be as small as possibleto enablethe use of automatic model
cheders (which cannot compute the m and n of arbitrary diagrams), while we
found, that interactiv e proofs usually becomesimpler when diagrams are chosen
to be aslarge as possible.

6.3 (Generalized) Backward Simulation

Just like data re nement, simulation theory for I/O automata considersin ad-
dition to forward simulations also badkward simulations, which propagate the
coupling invariant backward through traces. Backward simulation without re-
strictions only presenes partial correctness.Fig. 7 shows, that nothing more
can be achieved in general,since := f(Si;j,ﬁo) :j igis abadkward simulation
(assuming, that ead transition hasthe same,nonempty action).

Under the restriction that the relation istotal and image- nite, i.e. that the
setfs:s sYgisnonempty and nite for ead state s°of M?(the nitary relations



in [dRE98] capture the samerequiremert), badckward simulation implies partial
presenation of tracesfor I/O automata and presenation of total correctnessfor
data re nement. Backward simulation is mainly of theoretical interest: combined
with forward simulation completenessesults can be proved.

Someof theseresults are alsoapplicable in our setting: generalizedbadkward
simulation can be de ned, simply by reverting the direction of the transition
relation, exchanging the role of initial and nal statesand using dual past tense
operators instead of AF and EF. We have de ned this dualization schematically
in KIV. We found, that somecare hasto be taken, when nal and initial states
are exchanged:sincewe have de ned nal statesto have no successostates, we
must now require that initial stateshave no predecessostates. This is not always
true, but it is simple, to modify an ASM suc that this condition is satis ed.
Then using the dualized theorems of generalizedforward simulation, the proof
that generalizedbadkward simulation implies presenation of partial correctness
is simple. Unfortunately, the condition of image- niteness is not su cien t for
generalizedbackward simulation to imply the three stronger notions of re ne-
mert correctness:again, Fig. 7 provides an exampleusing := f(sj.0,83) :i Og
[ f(s,-;,-,qo) :j > 0g. A su cien t additional requiremert seemsto be the existence
of a uniform upper bound to the sizen of m:n diagrams, but an exact criterion
and a formal proof are yet to be done.

Whether there are caseswhich satisfy these additional restrictions also re-
mains an open question. Compiler veri cation does not seemto be a suitable
candidate: Fig. 7 suggests,that image- niteness of | is a necessarycriterion
for (generalized)badkward simulation to imply presenation of total correctness,
but typically in nitely many programswill be compiledto the sametarget code.

6.4 Compiler verication

For generalwork on compiler veri cation and on veri cation of Prolog compilers,
we like to refer to [Sch99], since this could easily Il sewral more pages.1:n
diagramswith n > 0 often occur in compiler veri cation, when one sourcecode
instruction is replaced with seweral target instructions. They are discussedin
many variants, e.g.in [BHMY89] and in [Cyr93]. The secondpaper alsodescribes
a proof technique called \slowing down the speci cation machine", which splits
1:n diagramsin one 1:1 diagram and n 1 0:1 diagrams. While the \termination
condition" is equivalent to decreasingthe <, predicate, the approac requires
to add explicit time to the ASMs.

m:n diagrams with positive m,n were already sketched for a special caseof
coupling invariants in [McG72]. A formal treatment of this casefor deterministic
ASMs and an abstraction function in PVS is described in [Dol98].

The re nement theory described in this paper generalizesthe theory devel-
oped in [Sch99 to rules, which may diverge and simpli es some of the nota-



tion. For the veri cation condition, it avoids the useof a function, that predicts
whether a 0:m, a m:0 or a m:n diagram will follow.

[Sch99] describesformal application of the theory to 9 re nements specifying
a Prolog compiler. Two re nements involve diagrams with a sizethat depends
on the size of datastructures stored in the state (here: the number of Prolog
clausesreachable in a code fragmert). Two other examplesof ASM re nements
which make informal use of our theory are [BS00H and [SSB0J]. Both address
correct compilation of Java to the JVM. [BS00H usesan m:n diagram for the
case,when an exception is thrown. The sizem of the diagram is (roughly) the
number of Java statemerts, that must be jumped over, until the next exception
handler is found. Properties of the nal states of the diagram are established
using an auxiliary lemma, which is typical for proofs using m:n diagrams where
m and n are dependert on data structures ([Sch99] also usessuch lemmas).

[SSBO0] givesanother re nement proof for a revisedversionof the Java ASM.
Each caseof the proof correspondsto the veri cation of one 1:n diagram with n
= 0,1,20r 3. The sizen of the diagramsis computedasn ;= (m+1) (m),
where (m) counts the number of stepsof the JVM, that are necessaryto reach
a state equivalert to the m™" state of the Java ASM. The casesof 1:0 diagrams
correspond to navigation stepswhich are presert in the Java ASM, but avoided
in the JVM: either the Java ASM propagatesa result (or an exception) upwards
or the Java ASM descendsinto an expression.In nite repetition of suc steps
(i.e. of 0:1diagrams)is impossible,becauseboth kinds of stepsreducethe ( nite)
size of the remaining program to be executed.

7 Conclusion

We have de ned a generic framework to verify the re nement of ASMs. Four
notions of re nement were de ned, and a generic proof technique given, that
reducesthe correctnessproof to the veri cation of m:n diagrams with m, n
0. Our proof technique combines and generalizesproof techniquesin usein the
areasof data re nement, /0 automata re nement, and in compiler veri cation.

The proof technique has beensuccessfullyusedin [Sch99], a large casestudy
on compiler veri cation. Verication of someof the re nements would not have
beenpractically possiblewithout the theory we have developed. Using 0:n, m:0,
and m:n diagrams with m,n > 1 (instead of using 1:n or m:1 diagrams only)
simpli ed many proofs considerably

Currently, we have used generalizedforward simulation mainly in applica-
tions, which usedeterministic ASMs. An interesting topic for further researd is
to apply the theory to casestudieswhich involve nondeterministic ASMs. These
posenew questions, such as how to add fairness (and other) constraints to the
choicesmade by the systems.Sincesud constraints are not directly expressible



in Dynamic Logic, we will have to decidebetweentwo approaces:Either we can
encale the indeterministic choicesof ASMs as input streams, i.e. use a static
function f, such that f(n) givesthe n choice, and place explicit constraints on
f. This construction is also known as\adding prophecy variables" and strongly
related to the \construction of the canonicalautomaton” (see[LV95]). It is pro-
posedin [SNO]] for ASMs and allows to stay within Dynamic Logic. With this
approach implicit quanti cation over all runs of an ASM becomesexplicit quan-
ti cation overall possibleinput streamspresen in the initial state. Alternativ ely,
we can usetemporal logic, e.g. extend the operators AF, EF to a full temporal
logic similar to CTL. Re nement of TLA speci cations [AL91] is related work
that should be consideredthen.
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A App endix: Pro of of the Main Theorem

This appendix givesthe formal proof for Theorem 7 of Sect.4, which consists
of v e stepsdescribed in the following subsections.The rst three steps prove
lemmas 9, 10 and 11. The fourth step de nes an auxiliary lemma that makes
the axiom of choice applicable, and the nal step provesthe main theorem. All

proofs userecursions(2) to unfold the de nitions of EF and AF, (4) to eliminate
AF% and EF+ in favor of AF® and EF, and the basiclemmas

EF(s,p) $ EF(s, si.s1= %) " p(so) (12)
(8 0. EF(s, s1. 51 = s0) ™ Po(so) ! EF(s0,p1)) )

| (EF(s.po) ! EF(s,p) (EF-step)
(8 0. EF(s, s1. 51 = s0) ™ po(so) ! AF(s0,p1)) (AF-step)

I (AF(s,po) ! AF(s,p1))

The de nitions (1) of AF and EF are not usedin the rst three steps, except
in the simple proofs of the three lemmas above. Lemma (12) says, that if a
state is reachable from s, where p holds, we can give it a name sy. Lemma (EF-
step) says, that if we haveto prove the implication \EF(s,po) ! EF(s,p1)" then
assumingthe state sp where pg holds, is not reached later than the one,in which
p: holds, it is sucient to show \EF(s, s1. S = S) » po(So) ! EF(so,p1)".
The rst precondition (\s reachable from s") is usually dropped. This means,
that by applying the lemma to reduce a goal we ,,step forward" from state s
to state s in the trace. Stepping from s to sy alsoworks for AF instead of EF
(now assuming,that all states,wherepg holds are beforethose, wherep; holds).
Sincewe use AF° and EF to expresscommutativit y of diagrams, application of
(EF-step) for M and (AF-step) for M°will stepforward in the tracesand thereby
reducethe sizeof the diagrams. Special casesof (EF-step) and (AF-step), which
will often useare



(8 s0. EF(s, s1. 81 = ) ™ po(So) ! p1(so))
' (EF(s,po) ! EF(s,p1))

(8 s0. EF(s, s1. 81 = ) ™ po(so) ! p1(so))
' (AF(s,po) ! AF(s,p1))

i.e. we have s = 51 and pg must immediately imply p;.

(EF-imp)

(AF-imp)

A.1  Proof of Lemma 9

The lemmais proved by induction over (s,s?), using< o, asthe wellfoundedorder.
Application of (VC) reducesthe goal to three subgoals.The rst subgoaldeals
with the case,where the precondition of (VC) doesnot hold, i.e. when we have
two nal statessand s’ The secondand third casedeal with the two disjuncts
of the conclusionof (VC). The rst two casesare trivially proven by unfolding
the de nition of AF°with (2). In the third case,after eliminating AF% with (4)
we have to show

s 22 nal qs9) A Ind-Hyp
NS At ! OAFYS], & s £ (s, ) <on (5, )
_EF+(s, s.% )
I AFYSY,  S.s S~ nalUsd) _ EF+(s, 0. inv(So, X))

where Ind-Hyp is the induction hypothesis. By unfolding AF° in the conclu-
sion we get a state ) with  4s% ). This state can be usedto instantiate the
guanti er in the precondition to give

s 7 pal ) A AsO K) A Ind-Hyp
NAFYS), £ s LA (s,) <o (5,
_EF+s, s.% )
1 AFYS), £.s €7 nal(s9) _ EF+(s, . inv(so, £)))

Now we apply Lemma (AF-step) on the the two AF-formulae, stepping from
S to the state s{ at the end of the 0:n-diagram. After removing now irrelevant
formulae the remaining goal is:

Ind-Hyp * (EF+(s, .S ) _s 8" (s, 8) <o (s 9)
I AFO(SO, § IS g N naI(S 8) _ EF+(S, S-S ﬁ))!

The disjunct in the precondition givestwo casesto prove. The rst is proved
by unfolding AF, the seconddirectly follows from the induction hypothesis.



A.2 Pro of of Lemma 10

This lemmalis also proved by wellfounded induction using < mo. Applying (VC)

results in three casesasbefore. The caseof nal statesis trivial again. The third

caseis simple too, although technically more involved, since we have to unfold
AF% and EF+ before (AF-imp) and (EF-imp) are applicable. In the second
case,after unfolding EF+

s 24 (s, %) " nal(s) * Ind-Hyp
NEF(So, S-S 7 (s2, D) <mo (s, D)
A AF%(sC L EF(S, S0 .S )

! EF(s, s.% &": EF+(so, si.s 9))

has to be shonvn. The proof proceedsby unfolding EF in the conclusionand
by instantiating the resulting quanti er with sy. Using lemma (EF-step) to step
from 55 to s, (exceptionally keepingthe reachability precondition) leadsto

s 24 (s, %) nal(s)  Ind-Hyp
NEF(So, s1.si=) s 7 (52, ) <mo (s, )
A AF%(sO L EF(S, - X))
I EF(s2, S0.% 7" : EF+(sg, Si.s1 )

Since (s;, 89 <mo (S, % we can now apply the induction hypothesis. Its con-
clusion (i.e. the postcondition of Lemma 10 with s, instead of s) is equalto the
conclusion of our goal, sowe just have to establishthe precondition:

s 4 (s,%) " nals) M EF(sp, si.si=9)"s
N(s2, ) <mo (8, )N AFH(SO . EF(S, S0.% )
I 1 AF%(sO Q. EF(s2, S-S )

By expanding both AF%-form ulas with the samestate s3, such that 4s%s))
holds, using contrap osition and nally applying (AF-imp) to cancelthe AF-
operators it remainsto prove

s LM (s,%) " nal(s) & UsPB) A EF(so, S1.S1= )
Ny PN (s, D) <mo (5, N EF(S2, S-S0 )
I EF(s, s0.% <)

This is done by unfolding EF in the conclusion, using sp to instantiate the
resulting quarti er. Finally, (AF-step) stepsfrom s, to s, and closesthe goal.

A.3 Proof of Lemma 11

We start with the proof of the weaker lemma

s £7:nals) M nal () ! AF%H(sO 5L EF(s, s.% ) (13)



which is need for partial presenation of traces. Its proof starts by applying
Lemma 10, adding a precondition, which is by (12) equivalert to

EF(s, s;.51= S) " so " : EF+(so, s1.51 &)

In this way, we intro duce a state 59, where no more m:0-diagram can be added.
Applying (VC) to 5o and s, we add

AF%(s® . EF+(so, Ssi:s1 ) _ S " (50,5) <on(S0,89)

i.e. that the following diagram is an m:n-diagram with n > 0 asa precondition.
Eliminating both AF% with the samesuccessostate, we can use (AF-imp) to
cancelthe two resulting AF-Op erators away. Expanding EF+ we get

s NMEF(s, S8 = %)
N((s0m)MEF(S1, 2% ) _s 9" (80,80) <on(S0,5Y))
I EF(s, S - % )

The proof can now be completed by using (EF-step) to step from sto s and
unfolding the resulting EF(sp,. . .)-formula.

To prove Lemma 11, we apply (13), eliminate both AF% using the same
successorstate, and use (AF-step) to step from this successorstate to s3. This
leavesthe subgoal

EF(s, s.% )! AF%s), s).EF+(s, .S 9))

Unfolding EF givesthe trivial case,where at least one step is taken to reach a
state sp with g <] (intuitiv ely this is the casewhere the m:n diagram under
considerationalready hasm > 0) and the casewherewe haves sJ immediately.
In this casewe apply Lemma 9 with s and sJ to add the maximal number of
0:n-diagrams. This addsthe precondition

AFYsS, . EF+(s, s0.% ) _ na%sHrs )

to our previous goal. Using (AF-imp) to cancelthe two AF-operators, we step
to the state s{ at the end of the 0:n-diagrams.We get two casesThe rst, where
EF+(. ..) holds s trivial already, the other is

nal (s ~s L1 AFYS), D EF+(s, S )

which is an instance of (VC).

A.4 Formalizing the Addition of a Comm uting Diagram

Lemma 11 shows, that given two non- nal similar statess <° and a trace °©
starting with s, wecan nd atrace starting with sand two statessy, s3 on the



two traces, which are both reached with a positive numbers of stepsand which
are similar again. With other words, we can add an m:n-diagram with m,n > 0.
Now intuitiv ely, given a trace °and a state s %0), adding diagrams can be
repeatedin nitely to givethe trace and the sequence®f natural numbers(io,
i1, ...) and (jo, j1, ...) asrequired by Theorem 7. Unfortunately, the concept
of \rep eating a construction in nitely" is somewhathard to formalize. In the
following two sectionswe will give the idea of the formalization and the main
lemmas needed.Once the lemmas\t together", their proofs are simple, sowe
will skip them (although they are often rather lengthy).

The idea of the formalization is to de ne afunction : T ! T overasuitable
set T, which encadesthe \construction". Finite repetition then meansiterated
application of the function. In nite repetition will require a diagonalization ar-
gumert. We will consider repetition in the following section, when we prove
Theorem 7. In this sectionwe will only prove the existenceof a \construction”,
which adds another m:n-diagram with m,n > 0. The existenceproof de nes a
lemma that is an instance of the precondition of the axiom of choice ( is a
formula with free variablesx,y 2 T):

Bx.9y. (xy)! (9. 8x. (x,(X))

Applying the axiom of choice on the lemma allows to deducethe existence of
a choice function , which encadesadding a diagram. To de ne the lemma, we
de ne the type T to be the triples consistingof a function : Nat! S(intended
to be a trace of M) and two natural numbersi and j. The ideais: if (i) %6M)
holds, then applying  will add another diagram, i.e. it will construct o, ig, jo,
such that ig > i, jo > j, and ¢(io) %o). The construction alsomust presene
all commuting diagrams earlier on the trace, i.e. it is necessaryto guarantee

(m) = o(m) for all positions m i. Formally we de ne the lemma:
8 Lij. 9 osdojo. trace( 9 A trace( ) ™ (i) %)
I trace( o) M i<ip™j<jo™ olio) Uo) (14)
A8m.m il (m)= o(m)

Its proof has four cases:If both (i) and 9j) are nal, then we can choose
( oJosjo) := ( i +1,j +1), since nal statesare repeated.If only oneof 9j) and
() is nal we canapply (VC), which will add a m:0 or 0:n-diagram respectively.
(i, jo) are setto be (i + m,j +1) and (i +1,j + n) in thesetwo cases. o can
be setto be for a 0:n-diagram. Otherwise a new trace must be constructed
combining the rst i stepsof and the trace ; starting with the m stepsof the
m:0 diagram. ; is the result of expanding EF with its de nition (1). Finally, we
uselLemma 11 for the caseof two non- nal statesto add an m:n-diagram with
m,n > 0. ¢ is de ned similarly to the caseof a m:0-diagram. (io, jo) are setto
be (i + m,j + n). Like in the 0:n-case,n is determined by expanding AF° with
(1) and instantiating the quanti er with °.



A.5 Pro of of the Main Theorem

As mertioned above, the idea for the proof of the main theoremiis to \in nitely
repeat adding diagrams". The previous step has de ned an operator , which
adds one diagram. Given this operator, we can easily de ne nite repetition as
repeated application of the operator : we start with somearbitrary trace of
M, that satises (0) %0). The existenceof sud a trace is guaranteed by
the rst condition? of Theorem 7. Adding k diagram now meansapplying  k
times, so we set

( Wikjk) = ¥ ,0,0) (15)

Now the k" trace ® hasbeenconstructed to contain k commuting diagrams:
® (im) %m) for eahh m k. All diagrams have positive size,and for m <
k traces ™M and ® agreeat all positions in. An inductive proof for these
facts (over k) requires somegeneralization, which leadsto the following lemma

trace( ) ~ trace( 9~ (0) %0)
I 8m k. trace( M)A MGy Ym)
Mmoo MM in o mA M<K in < ik jm < i)
A @Bmo  im. ™ (mo) = ®(mp))

(16)

The lemmaassumes to be de ned asdescribed above and uses(15) to abbre-

viate. Its proof is easy(although lengthy again), the main problemisto nd a
generalizationthat is both inductiv ely provable and su cien t to prove the main
theorem, which we can now state formally:

%0) 2 19~ trace( 9
19 ,(io, il,...),(jOyjlu"')'
© 1 0" tace( )" Bk (W) Uw) a0
ABmM<Nim<in®™ijm<in)

A9m. nal( (m)) $ (9n. nal( qn))))

The certral idea neededto prove the theorem is, that the sequenceof ® (k)
for eadh k (the \diagonal trace") is a trace of M, which cortains an in nite
number of commuting diagrams. This is indeedthe case,sinceit agreesfor every
k with  ® until at leastthe positions iy, wherethe k' diagram ends. The third
veri cation condition of Theorem 7 is usedto deduce (i) %) from  (ix)
%j«) for ead k. Otherwise the proofis completedby mapping the facts stated in
(16) to the onesstated in the theorem by instantiating quanti ers suitably. The
only exceptionis the proof of the nal line of the main theorem, which ensures
that a nite trace Cisthe re nement of a nite trace (and vice versa), which
requiresLemmas9 and 10to nd a corresponding nal state.

2 For the weaker condition (11) of Sect. 6.1 start with ( ,io,jo) such that (i0)  %jo)



