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1 Introduction

In this work we will try to describe networkflows with methods of relational
algebra. For this purpose we have a long way before us: first we deal with re-
lations in classical sense, where our special attention is on the cardinality of
relations under composition and meet (Dedekind inequality). After that we ta-
ke a look at the so-called fuzzyrelations, which are “weighted® relations, where
a number between zero and one is a measure for the weight of a pair. If on these
constructions composition and operations on sets like meet and join are defined
in a suitable way the laws for clascic relations remain unchanged. Another im-
portant role will be played by semirings, by which we can prove properties of
fuzzyrelations in an elegant manner.

The basis of our considerations is [Kaw], plus excursions in the world of semi-
rings and particulary tests in semirings. These ideas we will introduce, because
some theorems of [Kaw], especially those about flows, can be stated with tests
and testrelations in a more compact and intuitive way.

2 Boolean Relations

2.1 Definitons

A relation « from a set X in a set Y we denote a: X — Y. Such a relation can
be regarded as a subset of the cartesian product X x Y. For reasons, which will
be later explained, we call such a relation also a boolean relation. The cardinality
|a] of a (boolean) relation o : X — Y is the cardinality of the subset of x x Y,
which is defined by a.

However, relations are not isolated objects, we want to connect two or more
relations. Therefore we define various operations on relatons.

Let o,/ : X — Y and 3 :Y — Z be relations. The composition a8 : X — Z is
defined by

(x,z) eaf < TyecY  (r,y) €an(yz) €p.
The join oo’ and the meet oM a’ of two relations v and o’ is given by
(z,y) €eald & (z,y) € aV(z,y) €
respectively
(z,y) €eaNa & (z,y) € aA(z,y) € .
The converse af of a relation « is characterized by
(y,7) € of & (z,9) € .

A relation o~ we call the complement of « if



(x,y) €ea” & (x,y) ¢ an(z,y) € X XY
holds.

By definition « is a relation from X into Y, and o~ is a relation from Y into
X.

tdx : X — X denotes the identity relation on X with the property
('Tvy) Cidx & x = Y,

Oxy : X — Y means the zero relation, corresponding with the empty set as
subset of the cartesian product X xY and Vxy : X — Y denotes the universal
relation with the property

(z,y) eVxy &z X AycY.

If o/, regarded as a subset of X xY’, is contained in «, we write o’ C «. « is called
univalent, if afa C idy, a is called total, if idx C aaf, and « is called injective,
if aa! C idx. These algebraic characterizations are obviously equivalent to the
common definitions of univalency, totality and injectivity.

A relation o : X — X from X into itself is called a endorelation.

A total and univalent relation f from X into Y we call function. A function
f is called surjective, if f!f = idy. This definition is as well equivalent to the
common one.

2.2 Algebraic Properties of Operations on Relations

In the following section we will give some basic algebraic properties of operati-
ons on relations. Most of them are trivial; we won’t mention them explicitly, if
their application is not too sophisticated.

In the following «, § and ~y are relations, so that the used operations are well-
defined and meaningful.

e Commutativity, Associativity and Distributivity for M and L:

cafnf=p0Na
caldf=0Ua
(anpg)ny=an(Bny)

S (aup)Uy=al(BUy)
~an(@Buy) =(anpg)u(any)
cal(BMy) = (aup)n(aly)

e Absorption for M and L



-alldOxy =«
-aUVxy =Vxy
'Oé|_|0Xy:0Xy

- alNVyxy =«

Properties of the Converse:

- (ap)t = prat
(auB) =afu g
- (anpg)t=atnpt
-

Properties of the Complement:

c(aUfB)"=a Np-
-(aﬂm =a” Up”
- (a7)”

-alda” =Vyxy
-alla” =0xy

Combination of Complement and Converse:

(0 = (af)

Associativity and Distributivity of Composition:

- (af)y = a(By)
- (aUB)y =ayUpy
a(fUy) =aBUay

Monotonicity:

caEf=ayC By
calf=yaCp
caCf=aUfCalp
caCfB=anNpBCanp
-aCfB=alCp
caEf=p"Ea
caCalUp

-aNPCa



These rules are almost all obviously and follow immediately from the definitions
and elementary set-algebra. The only one we will closer look at is the distribu-
tivity of composition over join. The proof relies on the decisive spot on subtle
connection between quantors and junctors: (z,2) € (a U )y &

Jy: ((z,y) € (@UB) A (y,2) €7) &

Jy: (((z,y) €aV(z,y) €B)A(y,2) €7) &

y: ((z,y) €an(y,2) €7)V((@,y) €8V (y,2) €7)) ()

Fy: ((zy) eaVv(y,z) eNAQCy: ((z,y) €BV(y,2) €7)) &

(r,2) €ayV (z,2) € py &

(r,2) €eayUpy R

One has to be careful, if LI is replaced by M: then in general only the following
inequality holds:

(M B)y E aynpy

However, in [SchmStr, p.54 f.] is shown, that for univalent relations « the equa-
lity a(8 M) = af M ay (analogously for injective relations v the equality
(M B)y = ay M By) holds.

2.3 Cardinality of Boolean Relations

The cardinality of boolean relations has already been introduced. Trivial pro-
perties are |a| = |af| and o C o/ = |a| < |o/|. We will now investigate the
behavior of the cardinality under composition and meet. The first fundamental
property is the following:

Theorem 2.1 (Dedekind Inequality): Let o : X — Y, 8:Y — Z and
v: X — Z be relations. If « is univalent, the following inequalities hold:

a3 < lapny|  and
BN aky| < laBryl.

Proof: Choose an arbitrary (z,z) € af M~. Because of the definition of the
composition of relations and the univalency of « there is an unique element
a(z) €Y so that (z,a(z)) € a and (a(x), z) € B hold. We now look at the two
mappings

O:afNy—anyfund ¥:af Ny — afyng,

defined by ®(z, z) = (z,a(z)) and ¥(z, 2z) = (a(x), 2).

Next we observe, that ® is surjective. To see this we take an arbitrary (z,y) €
aM~B% Then (x,y) has to be contained both in « and in 3. Because /"
contains (z,y) a z € Z exists, so that (z,2) € v and (z,y) € 8%, ie., (y,2) € 8
hold. Therefore (z,z) is contained both in v and in af; so we find for each
(z,y) € aMyp* a (z,2) € aBM+, which is mapped by ® on (z,y). Similarly one



can obtain the surjectivity of ¥. From the surjectivity of these mapping follow
the inequalities above. B

A relation « : X — Y is called a matching, if afa C idy and aot C idyx
hold. Equivalently we could demand, that both o and af are univalent. Every
injective function is obviously a matching.

With help of the Dedekind inequality we can show some properties of univalent
relations and matchings:

Corollary 2.2: Let o : X — Y, 3:Y — Z and v : X — Z be relations. Then
hold:

(a) If o uand B are univalent, then |afB M~y| = |a M ~yB¢| holds.
(b) If a is a matching, then |aBM~| = |3 M afy| holds.
(¢) If « is univalent and 8 is a function then |af| = |a| holds.

(d) If o is a matching, then |afaB| = |aB| and |Baat|=|Bal hold.

Proof:
(a) To get familiar with the new way of thinking we will take a closer look at
the proof of the first part.
Because « is univalent according to the Dedekind inequality

lanypY < laB iyl

holds. Because for all relations the cardinality of a relation is equal to the
cardinality of its converse, and because of (a3 v)* =+ M Bfaf we obtain

laB Ny| = |y* 11 3%k,

On the right side of this inequality we can because of the univalency of 3 apply
the Dedekind inequality. This results in

[V N BRa| < |8y Mok,
By taking the converse (37! Ma#)# = aM~3* we obtain the equality
67F M af)] = |amys.
The summary of these equations and inequations can be written as
o MyBH < faB Ml < [amys,
from which immediately follows the claim
a6 < Jaf Myl

(b) Let @ be a matching. Then holds:



|1BMaty| < aB My { Theorem 2.1, & univalent }
= |yNag| {pRo=0cnip}
< |afy g { Theorem 2.1, of univalent, (a’i)ﬁ =a}

(c) As a function f is total, therefore Vx z/3* = Vxy holds. From a3 C Vxz
follows a3 MV xz = af. Hence we can conclude:

laB| = [afMVxz| { aBNVxz=af }

= |aMVxzB3% { part (a), a, 3 univalent }
=|laNVxy| {3 total}

= laf {aCVxy }

(d) Sei o ein Matching. Dann ist auch of ein Matching, und es gilt:

lofaB| = |afaB N Vyz| {afaBCVyz}
= |aVyz Naf] { o matching and part (b) }
= |af| {BC Vyz}

The second equality follows from first simply by taking the converse. Bl

An important role in the further course we play the singleton set I = {x}. It
will server us as an “anchor® for easier reasoning about sets or subsets and their
cardinality, compare e.g. part (b) of the following corolarry. Obviously id; = V
and VxrVrx hold for all sets X.

Corollary 2.3: Leta: X — Y and 8: Z — X be relations. Then holds:
(a) If f is a matching, then |Vix f| = |f| holds.
(b) From u C idx follows |Vixu| = |u|, particularly |Vx| = |idx| = | X]|.
(c) If f is an injective function, then || = |Bf| holds.
(d) If f is injective, then |Vix| < |Viy| holds.

Proof:
(a) Let f be a matching. Then holds:

Vixfl = Vx| {lof]=]a] }
= |f¥ { Cor. 2.2(c) with f* matching and Vx; function }
= |/l { laf] =1a| }



(b) Every subrelation u C idx is obviously a matching, so (b) holds because of
(a). The method to connect a set X with the relation V;x will be very valuable
for us.

(c) Let f be an injective function. Then holds

|8 = |Bidx] { trivial }
= |Bf ] {idx = ff*}
=If 0 {lafl =]l }
= |43 { Corollary 2.2(d) mit f* matching }
= [B/f] { || =lal }

(d) Let f be injective. Then holds:

IVix| =1|Vixf| {part(c)with3=V;x }
§|VIY| {VIXfEV[y} [ |

2.4 Point Relations

So far we handled relations and their associated sets as a whole entity. To
be able to talk about single elements and subsets we introduce the idea of a
point relation. A point relation associated with an element z € X is a relation
xz: I — X, defined by

(x,2') exz e’ =u.

With z we denote both an element z € X and a relation x : I — X. All such
point relations are injective and because of their univalency even matchings.
Point relations satisfy according to their definition the so-called point characte-
ristics:

(PCl) zNa’ =idx & x =2 and
(PC2) for all relations p : I — X holds an identity p = U,z

The first characteristic states, that every element is represented by exactly one
point relation, according to the second there is an one-to-one correspondence
between a relation p : I — X and a subset S of X, whereby S = {z € X|z C p}.
We use p for both a subset p C X and a relation p : I — X. The actual meaning
can by seen from the context. The second characteristic also describes an in-
ductive construction of boolean relation p; — X, what we will use for inductive
proofs for claims about such relations.

Using these ideas we can formulate an algebraic characterization of the cardi-
nality of relations:

Theorem 2.4: A family of mappings | - | : Rel(X,Y) — N coincides with the
cardinality of relations iff the following conditions are fulfilled:



(a) la| =0 a=0xy
(b) lidr| =1 and |of| = |a|
(c) fir o, mit an B =0xy gilt |aUB| =|al+ |8

(d) (Dedekind inequality) If o is univalent, then the inequalities |3 afy| <
laB M| and |a M ~3% < |aB M| hold.

The first three conditions look rather obviously; the forth is necessary to build
a bridge between relations on I and other relations. Otherwise one could define
a family of mappings, which has the above demanded properties on Rel(I,I),
but on other relations delivers the double value of the expected value. Such a
family of mappings would fulfil the conditions (a)-(c), but it doesn’t describe
the cardinality of relations in common sense.

Proof: It is clear, that the cardinality of relations satisfies the properies above
(the Dedekind inequality is already shown). Therefore we still need to show,
that a familiy of mappings with the properties (a)-(d) describes the cardinality
of relations.

First we notice, that for relation o : X — Y
(z,y) € a & zay® =id;

obviously holds.

Let fromnowon a: X — Y, p,po,p1 : I — X and u: I — Y be relations as
well as z : I — X a point relation. Then hold the following claims (of which the
last one will lead us directly to our desired goal):

(a

@M atu] = [za )

(b) laupl+|an g =|al+ |8
(c Iaﬂ(poup1)u|+|a”(poﬂp1) pl =l M phpl + |o 11 pf
(d) [z] =

)
)
)
)
)
)

(e |a|‘|pﬁ,u| ngp |.’L'Oé|—],U/| = Zm;p Zy;p, \maym
(f |O(| ZIEX Zyey |xayﬁ\
Proof:

(a) Because for a point relation = both z and x* are univalent, the following
holds:

lamafu| <|zamu|  { requirement 2.4(d), x univalent }

“lunzol {anf=pna}
<|z*umal  { requirement 2.4(d), z* univalent }

=lanafyl {anp=pna}

10



(b) First we calculate:

1Bl = (BNa”)uU(BMNa)| { relational algebra }
=|fNa |+ |8MNa] {(BNa")N(BMNa)=0xy, requ. 2.4(c) }

and obtain after adding |«| on both sides
lal+[8Ma”[+|8Mal = [af + B
On the other hand holds

laUgl=|aU(BMNa)] { relational algebra }
=la|+|BMNa| {aM(BMNa~) =0xy, requ. 2.4(c) }

If we write this equation as
lal +[8Ma”| = |alp|

and substitute with it the first two summands of the previous equation we get
the claim.

This relationship is more intuitively for sets A and B known as
|AUB| =|A|+ |B| - |AN B]

from elementary set theory; because of reasons, which will be soon clear we
decided for a description without subtraction.

(c) Here it is enough to calculate straight forward and to use requirement 2.4(c):

M (po U pr )] = |1 (pf U o ) el { (aUp)f =a*upt}

= lan (phu U pip)| {(aUpB)y=aBUay}
=(a@nphp)Uanpiml{an(Buy) =(anp)u(any) }
= oMl + oM phul — oM phu M pipl { requ. 2.4(c) }
= oM phpul + oM pfal = e 11 (po 1 p1)pul { see below }

The Explanation for the step from the penultimate to the ultimate line is the
following: as already mentioned, in general composition doesn’t distribute over
meet of relations. The two relations pg,ul_lpq,u and (po M p1)*u contain both
exactly the pairs in X x Y, of which the first entry is from py N p; and the
second from p.

(d) Now the second part of requirement 2.4(d) has its entrance:

|z|= |z Midrx| {z=1idx }
= |z Mid;(2*)f] { (af)f =o' }
< ot Midy| { requirement 2.4(d), = univalent }
= |idy]| { clear }
=1 { requirement 2.4(b) }

11



On the other hand holds:

1= |idy| { requirement 2.4(b) }
= |id; M azt {id; = zat}
< |idrx M x| { requirement 2.4(d), id; univalent }
= || {idix =2}

So we obtained |z| < 1 < |z|, and the claim is shown.

(e) We show the first identity |a M pfu| = >
number of point relations contained in p:

+Cp |Ta M p| via induction over the

Induction beginning: in the case of p = O;x both sides become zero: the left
side because of requirement 2.4(a), and the right side consists only of an empty
sum. If p contains exactly one element, then p is a point relation and the claim
is reduced to part (b).

Induction step: Let p = pg U x and the claim for pg can be assumed as already
proofed by induction hypothesis. Furthermore we can demand, that poMz = Orx.
It is important, that all relations p : I — X can be constructed in such manner
because of PC(2). Now we can conclude as follows:

M pful = lam (po Uz)tpl
= |a M phul + la Naul — o (po Na)ipl | requ. (c) }

= |a M phu| + |a N 2#pl {poMz=0rx }

= uCpo TN p| + |l ot { induction hypothesis }
= 2y [Ta M p| +[za iyl { part (a) }

=D o, lza iy {poNz=0rx}

The second identity is shown analogously by induction over the construction of
w, we will take a closer look only at the induction beginning.

In this case is to show |za M pu| = |zau!| for empty p and an arbitrary point
relation p. For g = 07y both sides are zero because of requirement 2.4(a). So it
remains to show, that for point relations y : I — Y the equality |zaMy| = |zay?|
holds. If (z,9) ¢ «, then xa My results in the empty relation 07y and zay?
becomes O7y; both sides are zero according to requirement 2.4(a). The more
interesting case is, if (z,y) € a: za My describes the point relation y, and zay®
represents idy . Here both sides become one because of part (¢) and requirement
2.4(b).

(f) The claim follows from part (d) by choosing the universal relations Vjx
resp. Vyy for p and u. Note, that « = aMVyxy = aNVx;Viy = aFIV%XVIY
holds. More important is the interpretation of this result: the expressions zay!
are one, if (z,y) € a, and they are zero, if (z,y) ¢ «. Because the summation
extends over all elements from X and Y it describes exactly the number of pairs
(z,y) € X x Y, which are also contained in «, i.e., the cardinality of «. This
completes the proof. B

12



So far we followed [Kaw] closely, now we will generalize the cardinality of rela-
tions by extending the range of the cardinality from the natural numbers to an
arbitrary commutative cancellative monoid (M, +,0) with undivisible zero (see
also the chapter about monoids and semirings). On such a monoid an order <,y
isdefined by x <pyy<Ja:z+a=y

The fundamental properties of a cardinality function are the requirements of
theorem 2.4, and they suffice to determine a cardinality function in our case of
a generalized range uniquely:

Theorem 2.5: A family of mappings |- | from Rel(X,Y) into (M,+,0), where
(M, +,0) is a commutative monoid with undivisible zero, is uniquely determined
by the following requirements:

(CL) |Oz|M:0<:>Oé:0Xy

(b) lidt|aps = E, where E € M\{0} is choosen arbitrarily, but constant, and
o = lolu

(c¢) for o, mit oM B =0xy holds |aU S|y = |a|a + |B|m

(d) (Dedekind inequality) If o is univalent, then hold the inequalities |3 1
oyl <ar @B M ar and Ja M yB¥ar <ar laB M yla

Furthermore holds || = n < |ajy = nx E, where where n x x denotes the
n-time summation of E.

Proof: For the proof we don’t need a lot, we did the most necessary already in
the proof of theorem 2.4. What we need is the following

Help claim: In a cancellative monoid (M, +,0) with undivisable zero and order
< follows from a < b < a that a = b, i.e., <pr is antisymmetric.

Proof: Let a,b € M be arbitrary. Then holds:

a<yb<ya=

{ definiton of <p; }
Jz,y:a+x=bAb+ty=a=

{ set }
Jz,2y:ra+arz+y=a=

{ cancellativity }

z+y=0=

{ undivisibility of zero }
r=y=0=

{ set }
a=1b |

We conclude now analogously to the proof of theorem 2.4, with the difference,
that we replace | - | by | - |as and < by <js. The proof of the parts (b), (c), (e)
and (f) taken over without changes, because as algebraic operations they use

13



only addition and equality (this is the reason, for what we decided to choose
a representation without minus in part (c): in a monoid a inverse is in general
not defined). In the proofs of part (a) and (d) we used constructs of the form
a < b < a=a = b, which hold here also due to our help claim. The proof of part
(d) in the new context yields here |z| <p; E' <ps |z| and according to our help
claim |z| = E. The last statement of theorem 2.5 follows from the bijectivity of
the mapping Pg : Ng — {E"|n € Ny} with Pg(n) = E™ for E # 0, shown in
the chapter about monoids and semirings. l

2.5 Tests on Relations

A closely related idea of the point relations are the so-called test relations or
shortly tests. A test relation 7 on a set X is an endorelation on X with the
property 7 C idx. Obviously exists for each subset T' C X of X an associated
test relation 7 on X, characterised by (z,y) € 7 < x = y Az € T. Therefore the
test relations on a set X are in a one-to-one correspondence with the relations
from [ into X.

For a subset S C X we denote the test relation belonging to S by 7(5); we use
7(z) as an abbreviation for 7({z}) in the case of a singleton set {z}. In the same
way we write the test relation belonging to a relation p : I — X as 7(p). With
these writings it is clear, that the following equality holds:

7(p)Vxy = p*V 1y

Because a test 7 as a subrelation of the identity satisfies the property 7 = 7¥, we
can show the identity |7(p)a| = |af M p*V 1y | for arbitrary relations v : X — Y

[T(p)e] =
{ neutrality of Vxy concerning meet }

[T(p)a M Vxy| =
{ 7(p) matching, corollary 2.2(b) }

[af 1 (7(p) Vxy| =
{ (r(p)* =7(p) }
[0 N 7(p)Vxy| =
{7(p)Vxy = p*Viy }
[@f 11 p*V 1y |
Easy to see is the property

pa = pt(p)a

for arbitrary relations p: I — X and a: X — Y.
For point relations x : I — X holds the identity

[zal = |7(z)al

because of (x,y) € xa & (x,y) € 7(x)a. For general relations holds however
only the inequality

14



lpal < |7(p)al
The argument is, that |pa| counts the elements reachable from p under «, whe-

reas |7(p)a is the number of all from relation pairs of a emerging from p.

A boolean relation p : I — X associated with the test relation 7(p) can be
written as

T = uzgpxﬁx = Uy ,7(2)

where x is always a point relation. This property we will often exploit for con-
ducting proofs about test relation via induction over their construction. Note
that every test relation can be written in the way above.

3 semirings

The following chapter will lead us in completely other regions, which have at
a first look nothing in common with relations. But we will use semirings as a
valuable aid in the further course.

A good introduction in the theory of semirings offer the chapters four and five
from [Ml], from where we took also the proofs of the properties of tests.

3.1 Monoids and Semirings

Definition (Monoid): A monoid is a triple (M, o, e), where o is an associative
mapping from M x M into M with neutral element e, i.e.,

moe=eom=—m

holds for all m € M.

The operation o we write often as + or -; we then speak of an additive resp.
multiplicative monoid.

n+1

We define the powers in a monoid inductively by 2° = e and x =zox™. In

an additive monoid we often write n * x instead of z™.

If the operation o is additionally commutative, we call the monoid also commu-
tative.

A monoid is called left-cancellative, if from a o x = a oy follows x = y. If from
xoa = yoa follows, that = y, then the monoid is called right-cancellative. A
both left- and right-cancellative monoid is simply called cancellative.

In an additive monoid the neutral element is called zero, in a multiplicative one
it has the name one.

The neutral element e is called indivisible, if a 0 b = e implies a = b =e.

In a cancellative monoid with undivisible neutral element e holds the equivalence
"M #Ea" S Fe

This can be easily seen by proving the contraposition
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TM=x"sxr=e¢

The implication from the left to the right is trivial. To show the other implication
assume w.l.o.g., that m > n, from which because of the cancellativity follows
™™™ = e and hence according to the indivisibility of e the equality = = e.

An example for a non-commutative monoid are the words over an alphabet with
two or more elements with respect to the concatenation as operation and the
empty word as neutral element. This monoid is even cancellative. The relations
over a set X form even a commutative monoid with the join as operation and
Oxx as neutral element, but no cancellative one. If one replaces the join as
operation by the composition and the chooses idx as neutral element, one gets
again a monoid, but this time neither cancellative nor commutative.

Definition (Semiring): A quintupel (M, +,-,0,1) is called a semiring if the
following properties are satisfied:

e (M,+,0) is a commutative monoid.
e (M,-,1) is a monoid
e ( is a annihilator with respect to. -, i.e.,
m-0=0-m=0VmeM
e . distributes over +, i.e.,
a-(b+c)=(a-b)+(a-c), (a+bd)-c=(a-c)+ (b-c) Ya,b,ce M

We call the operation + addition; - has the name multiplication. Like in real life
the operator - binds stronger than +

3.2 Order, Infimum and Supremum

A semiring is called idempotent, if its addition is idempotent, i.e., a+a = a holds
for all elements a of this semiring. On such an idempotent semiring a natural
order is given by

aCb&sat+b=0b

For the proof of the order properties see [Ml]. An other property immediately
following from the definition is x C x + y for all semiring elements x and y.

Because of 0+ = z for all x zero is the least element with respect to this order.
Furthermore, for two elements = and y the sum z + y is the least upper bound,
i.e., the supremum, characterised by x +y C z < x £ 2z Ay C z. For details see
here also [MI].

Addition and multiplication preserve inequalities: for all elements x, y and z
hold the implications * T y = s+ 2 Cy+zand 2 C 2z = x-2 C y - 2,
analogously for addition and multiplication from the left with z. The proofs are
rather simple, first we give the one for addition (requirement id here = C y):
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x+z Ca+z4+y+z {aCa+bd}
=r4+y+z { commutativity and idempotency of + }
=y+=z {zCy=2+y=y}

Similarly we can argue for the multiplication:

z-z Cx-z4y-z {aCa+b}
=(xz+y) 2 { distributivity }
=Yz {eCy=a+y=y}

By contrast to the supremum the existence of the infimum, the greatest lower
bound of two elements x and y is not guaranteed in general. In the case of its
existence we denote it by inf(z,y). It is characterised symmetrically to the su-
premum by z Cinf(z,y) & zCx Az Cy.

We see now, that the relations over a set X with the join as addition and the
composition as multiplication form an idempotent semiring. The former intro-
duced order C coincides with the order induced by teh join as addition. The
meet of relations fits perfectly in the picture of a semiring: it corresponds to the
infimum of two relations.

3.3 Tests on Semirings

An important group of elements in an idempotent with natural order C semiring
is formed by the so-called tests, which are characterised as follows:

Definition (Tests in semirings): An element p of an idempotent semiring
with natural order C is called test, if p C 1 holds and if exists an element —p, the
so-called complement of p, with the properties p+—-p=1and p-—p=0=—p-p.

Because we will use tests intensively we summarize some important properties
of tests:

Theorem 3.1 (Properties of tests):
1. For a test p —p is also a test, and —(—p) = p holds.
2. 0 and 1 are tests, and it holds -0 =1 and -1 =0

3. The set of tests is closed under addition and multiplication, and the de-
Morgan laws hold: =(p+¢) = —-p-—¢ and =(p-q) = ~p+ —¢

4. Tests are idempotent with respect to multiplication, i.e., for a test p holds
p-p=Dp.

5. On tests multiplication and infimum coincide, i.e., for tests p, ¢ and r
holdsrCp-g< rCpArLCag.
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6. Multiplication on tests is commutative: for tests p and ¢ holds p-q¢ = ¢ - p.

The proofs can be found in [Mél]

Now we apply these tools on relations. First we want to determine the tests in
Rel(X, X). We know already, that the natural order in Rel(X, X) corresponds
to the relation C introduced in the chapter about relations. Because the one in
Rel(X, X) is idx a test has in this case to be a relation 7 with 7 C idx. To see
that every relation 7 with 7 C idx is a test we write 7 as 7(p) for a suitable
subset p C X and note, that 7(X\p) is the complement of 7.

The infimum of two test relations 71 and 75 is obviously also a test relation, so
we know immediately, that 71 M 72 = 7172 holds (note, that M is the infimum
operator on relations). From the commutativity of the multiplication on test we
obtain 7175 = 7971, and the idempotency of the multiplication on tests delivers
77 = 7 for arbitrary test relations 7.

3.4 Matrices over Semirings

Semirings are mathematically already rather mighty constructions; one has not
so much possibilities like on the real numbers, but it makes sense to deal with
matrices over semirings:

Definition (Matric operations over semirings): Let (M,+,-,0,1) be a
semiring. For two m X n-matrices X and Y with entries from M we define the
sum Z:=X+Y of X and Y by Z; ; = X;; +Y; ;. The product Z := X - Y of
a m x k-matric X and a k x n-matric Y is a m x n-matric, defined by Z; ; =

k
> Xig Vi

The set of all mxn-matrices with entries from a set M we denote with M (mxn).
For semirings S = (M, +,-,0, 1) and natural numbers n > 0 we introduce square
matrices Ng, and Eg, € M(n x n), charakterised by [Ng,];; = 0Vi,j and
[Esnlij = 0i; (Egp is a diagonal matric with ones on the main diagonal and
zeros on the remaining entries). Now we can extend the semiring properties on
matrices:

Lemma 3.2 (Matrice semirings): Let S = (M, +,-,0, 1) be a semiring. Then
for every n € Nt (M(n x n),+,-,Ng,, Es,) with the operations + and -
introduced above is also a semiring.

The proof can be found in every book about linear algebra and is here omitted.

4 Fuzzy Relations

4.1 Introduction

Fuzzy relations are, as already mentioned, “weighted* relations, where the “weights*
have values between zero and one. To define operations on fuzzy relations we
first introduce some operations on the unit interval [0, 1]
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We use the four binary operators A, V, © and & : [0,1] x [0,1 — [0, 1], defined
by

e aVb=max{a,b}
e a Ab=min{a, b}
e 0 ©b=max{0,a — b}
e a®b=min{l,a+ b}

If we imagine the boolean values true and false as corresponding to one resp.
zero, the operators A and V are a natural generalisation of the common or- and
and-operations. © and @ correspond to the common subtraction resp. addition,
cut if at one resp. zero. We introduce an unary operator -*, defined by a®**¢* = 0
if a = 0 and a® = 1 otherwise. A real number is called boolean, if it is zero or
one. The following properties are easy to see and are given without proof:

(a) a<a®*=a** and (a0b)A(bSa)=0

(b) a©b=(aVb)—b, particularly a©b=a—-bif b < a
(©) a=(a8b) @ (anb)

(d) fa<candb<cea,thena®b=a+b<c

(e) If a is boolean, then a A (b6 ¢) = (a Ab) & (a Ac)
(f) If a is boolean, then a A (b@ ¢) = (a Ab) ® (a Ac)

A fuzzy relation o from a set X into a set Y, written as a : X — Y is a mapping
a:X XY — [0,1]. Note that a fuzzy relation is a total function, it is defined
on all pairs from X X Y, contrary to a old fashioned relation, which in general
doesn’t contain all pairs of X x Y. Pairs (z,y) €X x Y with a(z,y) > 0 we call
edges of a; consequently

H(z,y) € X XY : afx,y) > 0}

is the number of edges of .

For fuzzy relations o, : X — Y the relations a © f,a ® f,a® : X — Y are
defined pontwise, i.e.:

eVreXVyeY:(aop)(z,y,) =a(z,y) ©F(x,y)
eVzeXWYeY:(adf)(z,y,)=caz,y) ®B(z,y)
e Ve X VyeY: :a*(z,y) = (alz,y))*

The already on the old relations defined operators M, Ll and  become overloaded
and have a new look:

e VeeXVyeY:(aUf)(z,y,)=alz,y)Viz,y)
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e Vzxe XVyeY:(anp)(z,y,)=alz,y) AB(z,y)
e Vre X VyeY :alz,y) =a(y,2)
In the case of boolean relations the definitions coincide.

The universal relation Vxy and the empty relation Oxy have the following
characterisations:

eVreXVyeY :Vxyl(z,y)=1
eVreXVyeY :0xy(z,y)=0

The identity relation idx has the property idx(x,z) = 1 and idx(z,y) = 0 if
x # y. For two fuzzy relations o, 5 : X — Y holds a C 3, if a(z,y) < B(z,y)
holds for all (z,y) € X xY. We call a fuzzy relation univalent, if afa C idy holds.
Note that in the case of boolean relations these new definitions are compatible
with the old ones.

In a slightly different way, but in the case of boolean relations still compatible
with usual relations, the composition of fuzzy relations is defined:

Let « : X — Y and 8 : Y — Z be fuzzy relations. Their composition af is a
fuzzy relation a8 : X — Z, given by af(z,z) = \/yey(a(:v,y) A Bly, 2)).

If one imagines o and 3 as a system of pipes with a maximal throughput given
by the values of « resp. § the value of af(x,z) corresponds to the maximal
amount, what can be sent from x to z via one pipe of a combined with one pipe
of 3. Here we see the first connections with network flows.

The following properties of fuzzy relations are trivial and easy to prove:

Propostion 4.1: Let o, 8,7: X — Y and u: V — X be fuzzy relations. Then
holds:

(a) aofLCa ac0xy =« and(a@ﬁ)l‘l(ﬁ@a)zoxy
(b) faCyand BEySa, thena® B L 1.

(¢) If v is boolean, then (¢ © B) M~y = (aNy) e (BMN7) and (a® L) Ny =
(aMy) & (BM9).

(d) If p is boolean and univalent, then p(a© B) = (ua)© (uf) and ulad B) =
(pa)&(uB) and symmetrically (c©B)p = apofu and (adB)u = apsBu.

(6) « E Oz. = OL", OXY. = Oxy, VXY. = VXY and idX. = idx.
(f) o =a*, (aNB)* = a* N F°, (ol f° = a* UB* and (af)® = a®f".
(9) (acp)f =at ot
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4.2 Inuition of Fuzzy Relations

After this dry algebraic matter we will consider, how to imagine fuzzy relations
in an intuitive way. Of special interest will be fuzzy endorelations a : X — X.
Such fuzzy relations we will imagine as a directed graph: every element of X
corresponds to a node oh the graph, and every edge of the graph is labelled with
the corresponding value of a. A further convention, to keep the pictures clear,
will be, that edges with a value of zero are omitted in the depiction.

The fuzzy relation depicted above will accompany us till the end, therefore it
deserves a closer look: it is a fuzzy endorelation on the set {a,b,c,d,s,t} with e.g.
a(a,b)=0.4 and a(t,c)=0.9. From s to d or from c to a no edges are depicted,
that means a(s,d) and «a(c,a) are both zero. It is possible, that between two
nodes exists a pair of antiparallel edges; the reason, that it is not the case in our
example relation, is, that we will later deal with a class of fuzzy endorelations,
which doesn’t allow more than one edge between to nodes.

4.3 Fuzzy Relations and Semirings

IN this chapter we use our tools from the chapter about semirings. One sees
easily, that ([0.1],V,A,0,1) is an idempotent semiring. Important is now, that
the matric semiring induced by it is in close connection with fuzzy relations.
Because we restrict ourselves to finite sets we can numerate the elements of the
sets X and Y, which take part in a fuzzy relation o : X — Y, i.e., we write X

as {1, 22,5, zm} and Y as {y1, 42,5, yn}. A fuzzy relation « is identified with an
m x n-matric A with entries from [0,1], given by A; ; = a ;.

The C-relation was defined by componentwise comparison, now we can rely on
the matrices A and B belonging to two fuzzy relations o and § and write A C B
it A+ B=1DB.

Matrices produced by boolean relations can be recognized by containing only
zeros and ones as entries, particularly point relations I — X have the form
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(0,0, 1,0, 0), where the one stays on the position given by the number of the
corresponding element in the chosen numeration of X. Test relations are incom-
plete diagonal matrices; they have on the main diagonal either ones or zeros and
on the remaining positions everywhere zeros, while the matric corresponding to
the identity is exactly Eg .

The pendant of the converse in the matrices’ world is the transposition of ma-
trices. The composition af of two fuzzy relations corresponds to the product of
the associated matrices. The composition of fuzzy relations is associative just
as its algebraic form, the multiplication of matrices over a semiring.

4.4 Tests on Fuzzy Relations

As they are a idempotent semiring fuzzy relations can call tests their own. We
will now determine and investigate tests on fuzzy relations.

Because tests are always lower or equal to one and the one in our case is a fuzzy
relation described by a matric with ones on the main diagonal and zeros on the
other positions tests have to be also diagonal matrices. We can strengthen this
and show, that on the main diagonal an appear only zeros and ones: assumed on
the main diagonal of hypothetical matric P associated with a test fuzzy relation
a entry P;; €]0, 1] exists. Then in the complement —P of P the entry at position
(,7) had to be one, so that (P + —P);; becomes one (this has to be because of
the requirement P + =P = 1 on tests). But then the product P - =P contains
at the position (¢,7) the value P;; # 0, a contradiction to the test property
P . =P = 0. The fact, that all diagonal matrices with entries either zero or one
are tests, can be shown, if one sees, that one can obtain the complement of such
a matric by swapping ones and zeros on the main diagonal and not changing
the remaining zeros.

Because we will often work with the complement of test fuzzy relations we
introduce the easier readable writing 7¢ for the complement —7.

Furthermore the connections between tests 7 : X — X, point relations p : [ —
X and fuzzy relations a: X — Y hold as traditionally:

7(p)Vxy = p*Vrv,
pa = pr(p)a
and

afpip™ =1(p)at(p™) = T(p)o(7(p))"

5 Cardinality of Fuzzy Relations

5.1 Definition and fundamental properties

Let from now on X, Y and Z be finite sets.
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Definition (Cardinality of Fuzzy Relations): The cardinality || of a fuzzy
relation o : X — Y is given by

‘Ot| = ZmeX ZyGY a(xay)

Obviously the cardinality of a fuzzy relation is nonnegative real number. It
fulfils the following properties: Proposition 5.1: Let o, 3,7 : X — Y be fuzzy
relations and v € X and y € Y. Then holds:

(a) |lzoyt| = a(z,y) and zay? = a(z,y) - id;.
(b) laeB| = |laUp|—|8]. If B E «a, then holds particularly |a 6 (| = |a| —|3].
(c) If a« T~ and B Cv6 a, then holds |a ® S| = |a| + |5].

The properties (b) and (c) are easy to see; we will concentrate, because it is
important for the following, on property (a).

x and y are fuzzy relations from I into X resp. Y. We describe these fuzzy
relations and the fuzzy relation « - as explained in the chapter about semirings
- as matrices. First we numerate the elements of X and Y in such a way, that x is
mapped onto the number [(z) and y onto I(y). The matrices associated with the
point relations x and y become line vectors of the length m := | X| and n := |V,
which contain everywhere zeros except on the position I(z) resp. I(y), on which
they have a single one. These two vectors we call e, and e,. a is represented by
a m X n-matric, which contains at the position (¢, j) the value a(i,j,) how it
is prescribed by the chosen numeration of X and Y. If we remember, that the
converse - of relations corresponds with the transposition of matrices we can
determine the matric associated with zay® as follows:

a(l,1)  «(1,2) ... a(l,n)
o a(2,1)  «(2,2) ... «a2,n) o
a(n.%, 1) a(n.”b,2) a(n;t,n)
0
0
a(l,1)  «(1,2) a(l,n)
a(2,1)  «(2,2) a(2,n)
(0, 0, 1, 0, 0) . : , 1
a(m,1) a(m,2) a(m,n) :
0
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(a(:c,l) oz, 2), ..., a(x7n)). 1 —

((a(z.y))

Note that the matrices contain real numbers as entries, but that the operation |-|
is defined as matric multiplication of matrices over the semiring ([0, 1], V, A, 0,1).

The result is a 1 x I-matric as we could have expected, because zay! is a fuzzy
endorelation on the singleton set 1. So we have showed zay® = a(z,y)-ids; part
(a) is then clear, because according to the definition of the cardinality of fuzzy
relations one has to summarise only over the pair (x, ). H

5.2 The Dedekind Inequality for Fuzzy Relations
It is fascinating, that the Dedekind inequality and its consequences hold also

for fuzzy relations:

Theorem 5.2 (Dedekind inequality for fuzzy relations): Let o : X —
Y,3:Y — Z and v : X — Z be fuzzy relations. If o is univalent, i.e., afo T
idy , then the following inequalities hold:

ey < laBny|  and

BN afy| < |aB iyl

Proof: Because «a is univalent afa C idy holds or in detail:

(@*a)(y,y) = Vyex (alz,y) Aa(z,y)) <idy(y,y)

Assume now it exists an x € X, so that there are two distinct elements v,y € Y
with a(z,y) > 0 and a(z,y’) > 0. Then (afa)(y, y’)) would be greater than zero,
a contradiction to afa C idy. That means, for each € X at most one yey
exists with a(z,y) > 0. Therefore holds:

laB Y= cx ez Vyey (@(@,y) A By, 2) Ay(z, 2))
= ZmEX,yEY,ZEZ(a(‘r? y) A Bz, y) Ay (z, 2))

because the disjunction delivers at most one time a value unequal to zero and
otherwise only zero. Because of the inequality maz(S) < 3, ¢s forall S C R}
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we have |afB M < 37 cx ev.ez(a(@ y) A By, 2) A v(z,2)) and can now
conclude:

|a M 75” < erX,yGY,zeZ(a(xa y) A 7(37’ Z) A ﬁn(z, y))
= ZIGX,yGY,zGZ(a(xa y) A ﬁ(y? Z) A ')/(J?, Z))
= laB M|

and

BMaty] <X exyeviaez (@ (y,2) Avy(z,2) AB(y, 2))
= sexyeysez(@(@y) A By, z) ANy(z,2))
= |aB M|

and we are done. B

So all conclusions we showed for boolean relations with the help of the Dedekind
inequality hold also for fuzzy relations, particularly fuzzy relations fulfill the
corollaries 2.2 and 2.3. So for all point relations = holds because of 7(z) = x*x
the identity

[m(@)a] = |zfzal = |zaf
and for boolean relations p : I — X and fuzzy relations o : X — Y holds

Im(p)e] = |af M pFV 1y |

Similarly to before we can characterise the cardinality of fuzzy relations by the
properties of a fymliy of mappings:

Theorem 5.3: A family of mappings | - | : Rel(X,Y) — N coincides with the
cardinality of fuzzy relations iff it satisfies the following properties:

(a) o] =0 < a=0xy

(b) lidr| =1 and |of| = ||

(c) laUd| = |a| + || — |and|, particularly o € o, implies |a] < |d/|

(d) (Dedekind inequality) If o is univalent, then |3 M afy| < |aB M ~| and
la B¢ < |aB M| hold.

(e) |k-al =k-|a| for all k € [0,1]

Proof: It is clear, that the cardinality of relations satisfies the properties above.
To show the reverse direction we investigate a family of mappings | - | fulfilling
the five requirements above. Then we can conclude analogously to the boolean
case and obtain the equality

o] = Yoex Xyey lrayf]

25



The rest of the proof is simple calculating:

lal =3 ex Zer |zay!|
= ZxGX ZyEY |Oé(.’L', y) : ZdI|
= vex 2yey A(,Y) { properties (b) and (e) } B

For a fuzzy endorelation o : X — X and a natural number n € N we define a
fuzzy endorelation o” inductively by a® = idx and a"t! = a™a. If we interpret
« as a capacity constraint on a system of pipes then a™(x,y) is the maximum
amount we can send on a path of length exactly n from x to y.

The reflexive and transitive hull o* : X — X is defined by o* = | |,~,a™. In
the interpretation above a*(z,y) corresponds with the maximum amount we
can send on a path of arbitrary length from x to y. An elementary argument
shows by counting, that a* = |_|09L§|X|_1 a™.

Now we move already in the direction of network flows. First we show the
following

Lemma 5.4: Let a: X — X be a fuzzy relation and let s and t be two distinct
elements of X. Then exists a fuzzy relation € : X — X with the following
properties:

(a) €Ca, st =t& = 0rx and |s&| = |sa*tt]

(b) 1€M ngIX\ = |¢tn ngIX\ for all boolean relations py : I — X. mit
(sUt)Mpo = 07x. Equivalent is the formulation |7&| = |7&%| for all tests
on X witht C7((sUt)”)

(c) EME =0xx

Before we begin to prove we will try to interpret the properties of £. As usual
we interpret the values of « as capacity constraint on the edges of a graph with
X as its set of nodes. s plays the role of a source, from where we send something
out, and t becomes a sink ¢, where this is sent to.

Part (a) states, that & respects the capacity constraint (§ C «), that nothing
is sent back to s and nothing is sent out of ¢ (s¢% = t& = 0;x) and that ¢
sends an amount modelled by |sa*t|. Part (b) states, that for every subset of X,
which contains neither s nor ¢, summarised over all nodes the same quantum
enters such a subset as it leaves. With other words, only at s can be something
created, and only at ¢ something can disappear. (c¢) prevents the flow-back to a
node already sending out.

In the following depiction the already introduced fuzzy relation is coloured black
and described with black figures on the edges. A fuzzy relation with the proper-
ties from the previous lemma overlays the edges along its way in green and has
at the position, where its value greater than zero, green figures.
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Proof: Let k = |sa*tf| = a*(s,t). Because of a* = Uo<n<ix|—1 " exists
a p < n and a sequence s = vg,v1, - ,v, = ¢ of elements in X with k =
/\1?:1 a(vj_1,v;). A fuzzy relation { : X — X satisfying the properties of the
lemma can be obtained by £ = k - ( ?:1 vg_lvj). Then (c) is clear because of

the distinctness of the v;’s, and with the same reason s&f = t€% = 0;x holds.
|s¢| = |sa*t#| id fulfilled by construction and by calculating we show
k- (v 05) Cav_1,05) - (v} _yidrv;)
= vt (a(vj_1,v5) - idp)v;
= vg-flvj_lavgvj
Ca

and hence ¢ C a.

For the proof of part (b) we note first, that for all point relations x : I — X the

equality |7(2)¢| = |7(x)&#| holds: for = # vy, va,:,v,_1 we obtain zero on both
sides, and in the case of © € {v1,vs,- -+ ,v,_1} according to the construction of
& both sides are k. Another important fact is, that because of the distinctness
of the v;’s both & and £5"9"P are injective.

We show the claim by induction over the structure of 7. If 7 = Ox x or 7 has the
form 7(z) for a point relation x the claim is clear. Let now 7 = 7 U 7(z), where
x is a point relation with 7 M 7(x) = Oxx and the claim for 7 is as induction
assumption already shown. Then holds:

|I7¢| =

{ definition of 7 }
(7 U7 (x))¢] =

{ (aUB)y=ayupy}
[7E U T(z)E] =

{lat gl =lol +16] — a1 f]
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7€ + [ (2)¢] — [7E€ N T(2)¢| =

{ € injective = (aM B)§ =N BE }
17|+ | (2)€] — [(F N7 ()] =

{%HT(I):Oxx}
17|+ | (2)€] =

{ induction assumption |7(2)¢| = |7(x)E* }
|78 + | (2)€¥| =

{{f'l_IT(I):OX)(}
7€ + |7 ()| — |(7 M 7(2))€¥| =

{ € injective = (aMB)ed = atf N pet }
78| + |7 (2)€F| — |7€f N (z)€f| =

{ lau B = o] +[B] — a1
7€t U T ()€t =

{ (aUB)y=ayupy}
(7 U T(2))€F| =

{ definition of 7 }
&t

A relation like the one constructed in the proof with the properties

i) EEa

(ii) for each node z € X exists at most one edge (z,y) with &(x,y) > 0 and
at most one edge (y,x) with {(y,x) >0

(iii) for all tests 7 on X with 7 C 7((s Ut)™) holds |7¢| = |74

is called a path flow on « from s to t.

6 Network Flows

6.1 Networks and Pseudonetworks

A network in old fashioned sense is a graph (V| E, s,t,¢) with a set of nodes V
and a set of edges F, where s (the source) and ¢ (the sink) are two distinct nodes
and c: £ — RS‘ is the so-called capacity function. However, we can w.l.o.g. the
range of ¢ reduce to [0,1] by dividing all capacities with C' := maxz{c(e)|e € E}.
So the following definition of networks in the sense of fuzzy relation is motiva-
ted:

Definition (Network): A network N is a triple N = (o : X — X, s,t) con-
sisting of a fuzzy relation « : X — X and two distinct elements s (the source)
and ¢ (the sink) of X, and where « satisfies the property

aﬂa”:OXX

For a pair (z,y) € X x Y we call a(z,y) the capacity of (z,y).
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Contrary to [Kaw] we give up the requirements saf=0x; (correct would be
saf = 0rx) and ta = O;x. For this win of generality we will get problems,
which will be solved by the introduction of the net flow.

A graphic representation of a network is shown in the following depiction; we
know it already from before:

N

If the requirement a M af = Oxy is not satisfied we call N a pseudonetwork.
This requirement may look as too strong, but if we are confronted with a fuz-
zy relation  : X — X not fulfilling this condition we can construct a new
network N = (& : X — X, s,t) as follows: for all pairs (z,y) € X x Y with
a(x,y) Maf(x,y) # 0 we introduce two additional elements =’ and 3’ and set
a(e,y) = aly,7) = a(@',y) = aly,a') = 0, az,a') = a(2',y) = al(z,y),
a(y,y') = &y, z) = a(y,z) and 4(2',z) = d(y,2") = &y, y) = a(z,y') = 0.
Because of the later introduced flow conservation it is clear, that a one-to-one
correspondence between flows in the original network and the modified network
exists. This method is shown in the next depiction.

h
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6.2 Flows in Networks

Definition (Flow): A flow ¢ in a pseudonetwork N = (a : X — X,s,t) is
a fuzzy relation ¢ : X — X, so that ¢ C « and |rop| = |rof| for all test
relations 79 : X — X with 79 C (7(X\{s,¢})) holds. Because of the equality
lro@t| = |(00")¥| = | 70| (note, that 7o as a test has the property 7o = 7¢) this
is equivalent to the more intuitive requirement |7op| = |p7o| (“what reaches all
together all nodes in 79 has to leave them also®).

Because of the identity 7(p) Vxy = p'Vry for tests 7 : X — X and boolean
relations p: I — X this definition is equivalent to the requirement |¢f1 ng x| =
l? 11 ph Vx| for all boolean relations po : I — X with pg C (s Ut)~. We will
choose this version, if it is advantageous in the current algebraic context.

The first part of this definition is the so-calles capacity constraint: over an edge
the flow can be at most as high as allowed by the capacity of the edge. The
second part corresponds to the flow preservation, commonly written as

2wy $(V:0) = 3 ey p(u,v) Vu € X\ {s,t}

(see e.g. [Jun, p.147]) Our version seems to be sharper than the common one: it
requires, that for every subset of X\{s, ¢} the sum of the outflows (|79¢]|) equals
the sum of the inflows (|p7p]). But these two definitions are equivalent: it is
clear, that our definition implies the common one; one has to choose for 79 only
a test 7(x) belonging to a point relation x. That the usual definition implies our
definition can be seen similarly to the proof of lemma 3.2(b).

A comparison of the two formulations |7¢!=|¢7o| and the original \gol’lpOVIX |=|p*M

V[X | from [Kaw, p.10] shows the advantage of test: the new version is much
more intuitive and also algebraically more comfortable.

A flow on our example network is shown in the next depiction.

7, . —
x‘"‘\{"llx"[]f; f"\/ \’ ||||,[]L
r\,:,ni X \,_,/I\ /\(1)’ /\l )

£ 0/0
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The capacities are marked with black figures, the value of the flow with green
ones.

For a flow ¢ in a network holds because of ¢ C a and aMaf = 0x x the property
pMo! =0xx.

Next we show some fundamental properties of network flows:

Proposition 6.1: Let N = (a : X — X,s,t) be a pseudonetwork. Then for
every flow ¢ holds the equality |s@| — |s@| = [to?| — |ty

Proof: Let 7o = 7(X\{s,t}). Then holds:

o =
{idxa=a}
{ construction of 79 }
|(T(s) UT(t) UTg)yp| =
{ 7(s),7(t), 7o disjoint }
I7(s)¢| + |7 (t)] + o] =
{ |7(x)a| = |za| for pointrelation = }
5| + [te] + 1ol

and

|o?| =
lidx ¢F| =
{ construction of 79 }
(7(s) U 7(t) U mo)pt| =
{ 7(s),7(t), 7o disjoint }
I7(8)@t| + |70t + |09t =
{ |7(z)a| = |xa| for point relation x }
|sof| + [tf| + ok

Therefore holds
|50l + [teo] + [rosp] = [s0F] + [tF] + |To|
and hence because of the flow conservation |7¢| = |T¢F|
[seol + [t = [sF] + [t
from which the claim follows. B

For further investigations we need some definitions.

6.3 Cuts and Residual Networks

Definition (Value, Cuts and Residual Networks): Let N = (a : X —
X, s,t) be a pseudonetwork.
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(a) The value val(yp) of a flow ¢ on N is defined by val(p) = |s¢| — |s¢f| =
[t = [teel.
(b) A flow ¢ on N is called mazimal, if val(yp) > val(v) for all flows ¥ on N.

(¢) A cut p of N is a boolean relation p: I — X with s E p CE t. A test cut
7of Nisatest 7 on X with 7(s) T 7 C 7(s7).

(d) The capacity c(p) of a cut p is defined as c(p) = |a M p*p~|. Analogously
Capacity ¢(7) of a test cut 7 is defined by ¢(7) = |rat€|

(e) A cut (test cut) m of N is called minimal, if ¢(7) < ¢(o) holds for all cuts
(test cuts) o of N.

(f) For a flow ¢ on N we define a fuzzy relation ¢, : X — X by @, =
(@ © @) Uk,
To this definitions some remarks may be interesting:

(a) The value of a flow is in a natural way defined as the net outflow out of the
source, what is according to the previous lemma the same as the net inflow into
the sink. The value of the flow of the previous depiction is 0,0540,2-0,2 = 0,05.

(b) This seemingly simple definition could contain an unpleasant surprise: we
don’t know, whether a maximal flow exists at all. If the set of all values of flows
in a network is a open subset of the real numbers it is impossible to determine
a maximal flow.

(c+d) A cut resp. a test cut corresponds to a subset of X containing s but not
t. In the case of a cut this subset is represented by a boolean relation p: [ — X,
the same subset is modelled as a test cut by 7(p). The capacity of a cut or a
test cut is intuitively the amount of flow which can be sent over the “borders*
of the cut resp. test cut on the nodes outside it. What we can imagine by this
is shown in the next depiction.

0
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The cut p = {s,a,c} is marked purple; the edges belonging to a M pp~ are
painted red. The capacity of this cut is 0,054-0,44+0,8 = 1,25.

An important observation is, that for a cut p the test 7(p) is a test cut, and
that ¢(p) = ¢(7(p)) holds. Properties of cuts can therefore often be stated in a
dual form as properties of test cuts and vice versa.

(e) Contrary to part (e) a minimum cut always exists, because there is only a
finite number of them in a network.

(f) @0 : X — X defines the residual network. If over an edge (z,y) with ca-
pacity a(z,y) a flow of amount ¢(x,y) is sent, then over (x,y,) can be sent a
additionally amount of at most a(z,y) — ¢(x,y) (note that « © ¢ = a — ¢ holds
because of ¢ C a!). On the other hand it is possible to reduce the down to zero,
what corresponds with a increasing of ¢(z,y) over the opposite edge (y,x) and
is responsible for the term ¢*. ¢, : X — X, s,t is in general no network, but
after all still a pseudonetwork.

For the sake of intuition we give once again the a flow on our example network

-

-/ | -\‘\‘_
AT 0.2/0.6 r’\/ I PO
{ = - : = i
AL A = /;\lf N

. - % _'../'

T 1_\: -
\ ?/ - \'\\- _,..»"/
oo e - "i\“

""/l'f,nf ;'\'\.,__H\. / -

and the residual network induced by it:
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From s to a we have an edge with capacity 0,4, because we used up already
a share of 0,2 of the initial capacity 0,6. New is the edge from a to s; it has
capacity 0,2, because we can reduce the flow from s to a by 0,2; in this case we
would increase the flow over the opposite edge by 0,2.

The next proposition shows us the connections between cuts, residual networks
and values of flows:

Proposition 6.2: Let N = (a: X — X, s,t) be a network. For all flows ¢ on
N and all test cuts T of N holds the equality

val(p) = |Tatt| — |T7oaT¢]

Analogously holds for for all cuts p the equality

val() = M p*p~| = |pa M pPp~ |

Proof: We show only the first claim; the second because of allp?p~=7(p)ar(p)°.

First we observe, that ¢ C a and therefore (a« © ¢) M ! C aMaf = 0xx hold.
So we get

Tpa¢ = (T(a © @)7¢) U T 7¢)
and hence because of proposition 4.1(d)
TPaT¢ = (TaT® © TT¢) U Tt 7¢

and from proposition 5.1(b) follows, because additionally (e © ) M ! C 0xx
holds,

‘I

[ripat?] = lrar®| - |rere] + [rptr

Let now be 19 = 7(s7) M 7. Then we can conclude as follows:
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val(p) = |sp| — |s¢f|
{ [sal = |7(s)a)] }
= |7(s)p| = |7 ()|
{ Irowl = |70*| }
= |ropl + I7(s)| = |T0*| — I 7(5)"|
{ disjointness of 79 and 7(s) }
= |(ro L 7(s))eel — |(mo U 7(s))¢]
{ construction of 7y }
= || — 7|
{a=caidx }
= |rpidx| — |Tetidx|
{rUr¢=1idx }
= |rp(r UT)| = [rpH(r L)
{ disjointness of 7 and 7¢ }
= |ror| + |Te7¢| = [rtr| — [rtT
{|rar| = |raf7| }
— [rre] - [rr
{ clear }
= |rat®| = (|rat
{ definition of ¢, }
= |rart| — |Tp.7¢| 1

‘I
‘I

C|_

[rere| + [rei )

Definition (effective flow): Let N = (a: X — X, s,t) be a pseudonetwork
and ¢ a flow on N. Then the effective flow associated with ¢ is defined by

e = O P

The effective flow determines the amortised flow between two nodes. For a low
in a network obviously ¢ = ¢, holds.

Let’s take now a look at a flow on our example network:
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and the associated effective flow:

To justify the name effective flow we will convince ourselves, that ¢, is indeed
a flow on N. Because of ¢ T « holds also ¢ © ¢ C «, so the capacity constraint
is satisfied. The flow conservation is shown only pointwise, i.e., we show only
|zp.| = |zt for all point relations x unequal s or . The flow conservation for
arbitrary tests follows by induction over their structure, confirm the remarks
after the definition of flow conservation.

We start with the flow conservation of ¢ for an arbitrary point relation x unequal
s or t and calculate:

|lzo| = |zef| =
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{ definition of | - | }
Yyex P, y) =2 cx ¢, y) =

{ splitting of X in disjoint subsets }
ZyGwa(z,y)No(y,z) oz, y) + ZyeX,sa(m,y)Ssa(w) p(z,y) =

yeX p(ay)>plya) P (L Y) + ZyeX,w(w,y)Ss@(y»I) ¢H@y) =
{ elementary algebra }

ZyEX,w(w,y)%p(y@) p(@,y) = EyEX,w(w’y)Np(y,w) @ﬁ(% y) =

YEX p(2,y)<p(y.x) P (z,y) — ZyeX,w(z,y)Sw(y@) plz,y) =
{ putting together of sums }

ZyEX,Lp(w,y)>cp(y,w) (p(I, y) - @ﬁ(xa y) =

yeX,o(y,x)<ep(z,y) ¥ (SC, y) - §0($, y) =
{ definition of | - | and &}

[z(p © ¢")| = |z(¢* © ¢)| =
{(acah)t = (afca)}
[z(p 0 ¢")| = |z(p © p")H =
{ definition of ¢}
|2pe| = |z
The definition of the effective flow didn’t take place only for itself, but it will
be a useful tool. This can be seen at the next lemma:

Lemma 6.3: For a flow ¢ in a pseudonetnetwork holds the identity val(p) =
val(pe).
Proof: First we show [spyf| — [s@fyf| = |speyf| — |splyf| for all point relations
y: I — X:
|soyf| — lsefyf|= o(s,) — *(s,9)
{(acb)—(boa)=a—0b}

= (¢(5,9) © ¢*(5,9)) — (¥*(s5,9) © ¥(s,9))
{ pointwise definition of & }

=(po @) (s,y) — (¥* © 9)(s,9)
{ definition of ¢, }

= pe(s,y) — ¥i(s,y)
{ alz,y) = |ray?|
= [spey?| — |sply?|

Considering the equalities

val(y) = |s| — |5wﬁ| = |y 5ﬁVIX| - |1/Jti M SﬁV]x|

and

lv 1 5ﬁVIX| = ngle o M stx| = ngv,x |57/199ﬁ|

we obtain the claim by summing the first shown equation over all y C V;x. B
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6.4 Augmenting a Flow

In the next lemma we will investigate how we can manipulate flows and how
the values of them are changed by our manipulation. Our aim is, to increase the
values of a flow to get a flow of a maximum value.

Lemma 6.4: Let N = (o : X — X, s,t) be a network and ¢ a flow on N. If
& X — X is a fuzzy relation with the properties £ T @, and [€MN nglx\ =
[ ngIX| for all boolean relations py : I — X with pg C (sUt)~ (with other
words, & is a flow on the peudonetwork (¢o : X — X, s,1), the residual network
of p) then the fizzy relation

v=(pe(@ng) e (@ng
is a flow on N with val(v) = val(p) + val(§).

In this we say, that we augment the flow ¢ by the flow &.
Proof: We show first the equality

(p@8) o (pdg =(po(ang) @ (ang)

For pairs (z,y) € X x X mit a(x,y) > 0 holds of(z,y) = 0, because N is a
network and hence due to the capacity constraint also ¢*(z,y) = 0. Therefore
@¥Pha(z y) can be written as ¢4 (z,y) = a(z,y) — ¢(z,y). So we obtain a
chain of inequalities p(z,y) +&(x,y) < (2, y) + @a(z,y) < 1. According to the
definition of a network holds a(y,«) = 0 and hence ¢(y,x) = 0 and ¢, (y,x) =
p(z,y), together we have o(y,x) + £(y,2) < o(z,y) < a(z,y) < 1. For pairs
(2, ) with a(z,1) = aly, z) — 0 holds ¢(z,) — p(y,) = £(,y) = £(y,2) =0,
therefore we can conclude, that ¢(z,y) + &£(z,y) = (¢ ® §)(x,y) holds for all
(z,y) € X x X. To show the equality above we compare the two fuzzy relations
pointwise, i.e., we show, that their values coincide on all pairs (z,y) € X x X. For
pairs with a(z,y) = a(y, z) = 0 the claim is trivial; all involved fuzzy relations
, a, & and ¢, have the value zero. Let therefore (z,y) € X and w.l.o.g. let
a(z,y) > 0. The holds:

(p@&) S (@) (2
{ alz,y)

{&(z,y) <o

~

Y

v
I E I

I
€ 8
—_
&
<
+ 6
—
&
<
|
gl
—
&
s

and because of £(z,y) < @a(z,y) < a(z,y) and &(z,y) < palw,y) < (o) <
a(x,y) we can conclude

(pe(ané)) e (@nd))(z,y) = (v ) @&)(z,y)
= (p(z,y) © &z, y)) ® (2, y)
= (p(z,y) — &z, ) ® &(2,y)
= (p(x,y) — 4z, y)) + &z, y)



The two fuzzy relations coincide therfore on (z,y). For the pair (y,z) holds
a(y, x) = 0 because of the definition of a network and hence ¢(y,z) = 0. So we
see, that

(po(ang)) @ (@ng)(y,z) =0

holds. For the left side we can argue as follows:

(e o (@) (z,y)= (o (¢ ") (z,y)
=&(z,y) © (P (z,y) + & (z,y))
0

So we showed the equality of the two fuzzy relations. The properties of the
value of the flow follow from the previous lemma, we have only to show, that ¢
is really a flow on N. First we observe, that

&na Cfup)na
=
and

(NaC((acp)Ueh)Na
=aOp

hold. Because of ¢ C « and £ Ma C a © ¢ holds also
YEp@(ENa)Ea

So we showed that 1 respects the capacity constraint, the last thing we have to
do is to prove the flow conservation. Let py : I — X be a boolean relation with
po C (sUt)” and set gy = ng 1x- As a boolean relation pg satisfies

Mo = ((¢Mp0) © (aME M py)) & (aMEM o)
because of proposition 5.1(b) and from proposition 5.1(c) follows
[ 11 fol = |1 ol = [(aME M gol + laMEM ol

because of p © (aMEHC o, aMEC a0 (o (aMéh)) and a Nl T . If we
remember that ¢ C o U a! we obtain

[ 11 pol = 1€ ol = | T po| — [ M EHM o] — ¥ MEM fo
Analogous considerations lead to
[9* 11 fo| — €411 ol = 0% M ol — a* MEM po| — M EFT o

Because of the flow properties of ¢ an & both | M gy| = |¢f M go| and |€M go| =
|€F M po| hold, wherefrom obviously together with the previous two equations
follows |t M p| = |1 M gy, what implies the flow conservation for . B
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6.5 Max-Flow-Min-Cut-Theorem

Now we show the famous max-flow-min-cut-theorem, which characterises the
maximality of flows, with our fuzzy relational tools.

Theorem 6.5 (Max-Flow-Min-Cut-Theorem): Let N = (a: X — X, s,t)
be network and ¢ a flow on N. Then are equivalent:

(a) ¢ is mazimal
(b) tM s’ =0;x, or equivalently |sp’t? =0

(c) It exists a cut p with val(p) = |a M pfp~|

Proof:

(a)=(b): Let » be maximal and k = |spt|. According to Lemma 1 exists a
fuzzy relation ¢ : X — X with &€ C @, s&¢ = 0, |s&| = k and |¢ I_ngVIX| =
[3dn ngIX| for all boolean relations p : I — X with p T (sU¢)~. That means,

¢ is a flow on the pseudo network ¢, with value val(§) = |s§| = k (note, that
|s€¥| = 0!). According to the previous lemma

Y =(po (ané) @ (ang)

is a flow on N with value val(v)) = val(p) + val(§) = val(p) + k. Because ¢ is
maximal £ = 0 holds and hence the claim follows.

Intuitively means this, that it is impossible to send flow from s to ¢ in the
residual network, because otherwise we would obtain a flow with a higher value.

(b)=(c): Let [t M sel| = 0rx. Then p = (sp})® is a boolean relation from I
into X, and according to the definition of a* holds s C p and from ¢ M s¢k| =
0;x follows p C ¢~; this means p is a cut of N. Furthermore we consider the
inequality

PPa C (5¢5)° 08 = (5p5hpa)® E (s9h)* =p

So it is clear, that ¢, M pfp~ = 07x holds; intuitively spoken one can leave p
only via edges (z,y) with ¢, (x,y) = 0. Because of proposition 6.2 holds then

val(p) = a M p*p~| = o M p*p~| = M pip~|
(c)=(a): Let p be a cut of N with val(¢) = val(p) = |aMpp~| and let ¥» be an
arbitrary flow on N. Then holds:
val(y) = la M p*p~| = [ha M ptpT|
<lanpip~|
=val(p) A

Still we don’t know anything about he existence of a maximal flow in network,
but for a certain class of networks we can show the existence of a maximal flow
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by construction.

Definition: A fuzzy relation a : X — X is called M-valued, if its range is
contained in the set By := {0, ﬁ, ﬁ, ..., 1}. Obviously a fuzzy relation is
2-values iff it is boolean.

Theorem 6.6: Let N = (a: X — X, s,t) be a network with an M-valued capa-
city function a. Then N has also an M-valued mazimal flow. Such a flow can be
computed in O(|E|-log((M-1))T*(|X|,2-|E|)) time, where |E| denotes the num-
ber of edges of N and T*(n,m) is the time in which a mazimal s — t-pathflow
in a network with n nodes an m edges can be computed.

Proof: As proof we give an algorithm which produces a flow with the desired
properties (maximal and M-valued). It constructs a sequence of flows ¢; as fol-
lows:

(I) Set o = 0xx. Obviously ¢ is a flow on N.

(IT) After computing ¢; set k; = |s((a © ¢;) U @?)*t” = |s@igtt]. If k; = 0
then ¢; is maximal according to the max-flow-min-cut-theorem, the algorithm
returns ¢; and terminates. If k; > 0 then apply the construction from the proof
of part (a)=(b) of theorem 6.5. This yields a flow ¢;;1 with value val(p;+1) =
val(p;) + ki

Because M-values fuzzy relations are obviously closed under all relevant opera-

tions k; is either zero or greater-equal ﬁ The Algorithm increases therefore

in every step the value of the flow by at leat ﬁ or terminates with a maximal
flow. The augmentation always takes place along a s — t—path with maximal

capacity. For the runtime bound see [AMO, p.219 {.].

7 Application on Graph Theory

A boolean relations « from a set X into a set Y with X N'Y = () can be set in
relation with a undirected bipartite graph. Therefore we choose as set of nodes
X -UY and the graph contains a edge iff (z,y) is contained in the relation resp.
a(z,y) = 1 holds. Our relational algebraic tools are very suited for proving
theorems about undirected bipartite graphs in an algebraic calculating manner.

A lot of theorems contain the cardinality of subsets of X or Y; in our relational
encoding we identify subsets with boolean relations p: I — X resp. p: I — Y
and describe the cardinality of such a set by |p|. The cardinality of X and Y is
given then by |V;x| and |Viy|.

The representation of subsets by boolean relations p: I — X resp. p: I — Y
has one advantage compared with the representation by the associates test 7(p):
often we want to reason about the number of elements reachable from p under
a. This number is easily described by |pal. The term |7(p)al yields a too big
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value: it counts the number of edges out of p, not the number of reached nodes.

Matchings in common graph theory are subgraphs of a graph in such a way,
that to edges of this subgraph don’t have two endpoints in common. We called
arelation f : X — X amatching, if it is a partial bijection, i.e., if ff# C idx and
f%f C idy hold. This corresponds to the requirement, that two edges don’t have
two common points; a matching as subgraph will be soon defined in relational
vocabulary.

7.1 Nameless Theorems

First we consider some simpler theorems about matchings. For a boolean rela-
tion « : X — X we call a matching f : X — X a matching of «, if f C « holds.

Theorem 7.1: Let XNY =0, a: X — Y a boolean relation and f : X — X
a matching of a. Then for all boolean relations p : I — X the inequality
£ < IV ix] = (lo] — lpal) holds.

Before the proof we will translate the theorem in common graph theoretic lan-
guage.

The term V;x models as a boolean relation the set X; |Vx| therefore corre-
sponds to the cardinality of X. By the relation p a subset of X is described;
pa is a boolean relation from [ into Y and corresponds to those elements of Y
which are under « in relation with an element from the subset of X described
by p. In graph theory this are all nodes reachable from p under a.

Expressed in terms of graph theory the theorem states:

Let G = (XUY,E) be a undirect bipartite graph with set of nodes XUY
and edges F and let E(X;) be for a set of nodes X; C X the set { y |
Jr € X; : {z,y} € E }. Then holds for all matchings f in G and for all
subsets X7 C X the inequality |f| < |X]| — (|X1] — |E(X1)])

Proof: For the prove we reactivate our matric representation of boolean rela-
tions. Let p : I — X be a boolean relation and 7 : X — X a test on X. A
numeration of X is given in the form {zy,x9,...,2,}. p; and 7; are defined in
a obvious way as p; = p(z;) and 7; = 7(x;). Then the matric associated with
p M Vx7 can be calculated as follows:

T1 0
(IO17 P25 -y pn)l_l( 1a 17 RS 1) ™ . =
0 ... ... T
P, P2, ---5 Pn )l_l( T, T2, --+5 Tn ):
p1 M7, pa2llma, ..., pn|_|7'n)
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So for all tests 7 : X — X and boolean relations p : I — X the equality
pMV 1 xT = pr and hence for all matchings f : X — X the relation pnVx ff# =
pff¥ hold(note that f as a matching satisfies ff# C idy and that ff* is a
boolean relation).

After these preliminaries we obtain

o Vix = pf 1 e Vix ff* = pff*}
= |pfl { corollary 2.2(d)}

and
\Vixfft=|Vixf| { corollary 2.2(d) }
}

=|f] { corollary 2.3(a)

So the following chain of inequalities holds:

\Vix|> lpUVix ffY {pTVixff* T Vix}
= lpl + IVix ff = [p 1 Vix f ¥
= |pl + |f| = |pf] {s.0.}
> [pl + [f] = |pal {fCa}

The claim follows then by simplest algebra. B
Immediately follows now

Corollary 7.2: Let o : X — Y be a boolean relation and X NY = (. Then for
all matchings f of a holds the inequality

Ifl < Vx| —0()

where 6(a) = max,.r— x(|p| — |pa])

7.2 Hall’s Theorem

Theorem 7.3 (Hall’s Theorem): Let a : X — X be a boolean relation and
X a nonempty set with X NY = (. A total matching of a (i.e. an injective
function f : X — Y with f C «) exists iff for all boolean relations p : I — X
the inequality |p| < |pa| holds.

Before the proof we translate the theorem in usual graph theoretic expressions
(confirm the remarks to theorem 7.1):

An undirected bipartite graph G = (XUY, E) has a total matching iff for all
subsets X7 C X the property |X;| < |E(X7)| holds.

Proof: The necessity of |p| < |pa is easy to see: let f be a total matching of a.
Then f is an injection with the property f C « and it holds:
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ol = |pf ] {ff*=idx}
= |pfl { corollary 2.2(d) }
< |pa {fCa}

So it is shown, that the requirement |p| < |pa| is necessary for the existence of
a total matching f C a.

To show that the requirement |p| < |pa] is also sufficient we have to make much
more effort. The rough strategy of our proof will be to embed the to sets X and
Y in a network by joining X and Y and adding two nodes s and ¢t. As edges in
the new network we choose the edges between the nodes in X and Y given by
a and introduce edges (s,z) for all nodes z in X and (y,t) for all nodes y in
Y. All such edges are given the capacity one, so that there exists a two-valued
maximal flow on it. From such a flow we will construct a total matching of a.

Solet XNY =0, let a: X — Y be a boolean relation with |pg| < |poc] for all
boolena relations py : I — X and let w.lo.g. (XUY)N{s,t} = ). We construct
now a set (X) by X = {s}JUXUYU{t} (the nodes of the network sketched
above); we introduce bijective mappings s : I — X, i X — X, j:Y — X
and t : I — X with s(x) = s, t(x) = ¢, i(z) = 2 and j(y) = y. Therefore hold
sst =ttt = idy, iif = idx, jj* = idy and sfsUtftUitin gty = id¢. We construct
a new boolean relation & : X — X by & = s*VxiUifaj L j¥Vy st (the edges
of the network). Next we show &M af =0 ¢ ¢ by calculating

anat = (SﬁVIx’L' (] iﬁaj LljﬁVy]t) M (Sﬁvai (] iﬁaj I_IjﬁVYIt)”
= (SﬁV[Xi (] iﬁaj anVy]t) M (Z'ﬁvX]S I_Ij”aﬁz' L tﬁV[yj)
= (SﬁVI)(Z' M Z'ﬂvX[S) L (SﬂV]X’L' I_Ijﬁaﬁi) (W (SﬁV[XZ' I tﬁV[yj)U
(o MifV x1s) U (ifaj M jati) U (ifaj MtV 1y )L
(jﬁVth M iﬁVXIS) LJ (jﬁVy[t M j”aﬁi) L (jr‘Vy]t r tr‘Vn/j)

and convince ourselves, that every bracket yields zero: terms of the form afben
dief with a # d are zero because of the construction of (X), s, t, i and j, due
to the fact, that every pair € a*bc on the first position has an element of a set
disjoint to the set, from which the first entries of all pairs of d*"*"Pe f are drawn.
So there remain the two brackets (ifaj Mi#Vx7s) und (j#Vy st M j%a%); here
suffices the same argument, applied on the second entries.

From &Ma&* = 04 ¢ we can conclude, that N = (& : X — X, s,t) is a network,
which has according to theorem 6.6 a boolean maximal flow. Our goal will be
to construct from this flow ¢ : X — X a total matching ¢ : X — Y.

The first step is to show, that s : [ — ZX ) is a minimal cut in (V). Therefore
we observe, that every cut p: I — (X) can be written as p = sU poi U p1j with
suited boolean relations pg : I — X and py : I — Y. For its complement p~

holds p~ = py i U p; j U t; so we can calculate:

6T pfp| = (sFVyxi Uifag U j#Vy rt) 1 (s% Lifpf L 5o} ) (pg i L pr g LIE)
= (SﬁV[Xi [ iﬁ()éj ujﬁVy[t)ﬂ
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(s*(pg iU py g Ut)U
i ph(pgi U pr j LU
7*p}(pg i U py 5 UIT))
= (s*VrxiNst(pgil pyjUt))U
(i aj Mi*ph(pg i U py j U E)U
(F*Vy 1t 1 5% (pg i Ll py j LUE))
= stpoi U i* (oM pfypg )j U j#pit

The arguments for omitting terms are the same as before; we won’t repeat them
here.

Now we can estimate the capacity of the cut p:

|61 pfp~| = |s*poi L1 i*(a 11 pfpg )3 U 5 pit]

{ disjointness }
= |s*poi| + [i*(a 11 pfpg )j| + 13 pit]

{ s* i,i% 4, 4% ¢ univalent }
= lpg |+ 1o 11 oy | + 16l

{ Dedekind inequality, |af| = |a| }
> |po’ |+ lpoa T py | + |1

{ Disjointness }
= lpo | + [(pocx T p1) L p1

A poa L (poalpr)Upr }

> |po |+ |pocl

{ requirement! }
= |pg [+ |pol

{ Disjointness of p~ and p }
= lpy U pol
= [Vix]|

The capacity of the cut s is given by

|aMsts™| = [saMs™| { s univalent }
= |VixiN(VixilVyiyjut)| { definition of s,4,5,t }
= |Vixi]
= |Vix| { @ univalent }

So s is a minimal cut in N, because the capacity of every other cut is > Vx,
as shown above.

For our desired matching we choose the relation ¢ := i%j* : X — Y. Obviously
holds ¢ C «. To show that ¢ is indeed a total matching we need two help claims,
namely

(a) ¢(s,xi) =1 for all point relations x : I — X
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and

(b) ipjj* = i

To show (a) we calculate

|Vix|=|amnsts™| { see above }
= val(p) { s minimal cut }
= |s¢l { val(p) = |s¢ }
:|8¢?|—|va7;| {SQES@EVIX’L}
= |spif| { i matching }

= Z(L‘GX 80(87 .’I;l)

Because of |Vx| = | X| and because the values of ¢ are either zero or one every
summand in the last sum has to be one, so that the claim follows.

In case (b) we observer, that according to the definitions of ¢ and j and under
consideration of the flow property ¢ C & the following inclusions hold:

i = i¢Maj C (igf* Na)j Cigfj Cig
Therefrom the claim follows.

To be a total matching ¢ has to be total, univalent and injective. The first two
requirements are equivalent to

|zp| =1 for all point relations z : [ — X,

whereas the last requirement can be described by the univalency of ¢f. The
desired properties of ¢ we will show in this form.

For the first we choose an arbitrary point relation = : I — X and calculate

|| = |zipst| { definition of ¢ }
= |zig ]| { j injective }
= |zid| { help claim (b) }
= |@(zi)?| { flow conservation }
=|(s*sUdti Ut L tft)p(wi)?|  {idg = (s"sUdfiu i utit }
= [sp(zi)f| { see below }
= §(s, i) { trivial }
=1 { help claim (a) }

We owe the reason for the step from the fifth to the sixth line: ¢ contains by
construction only pairs in {s} x X UX x YUY x {t} whereas (2i)? consists only
of pairs € X x Y. That a relation ap(xi)? becomes nonempty, o has therefore to
contain at least one pair, which contains at the second position an element of X.
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The only possible relation in this case is s*s. As a intermediate result between
line five and six we obtain the expression |s*s@(xi)#|, which we can simplify to
the sixth line due to the matching properties of s.

The univalency of ¢# is shown by proving the inequality |py?| < 1 for arbitrary
point relations y : I — Y

oyt = ligs*yF| { definition of ¢ }
= |i%ip(yj)"| { i injective }
< |@(yd)¥| { i C idparx }
= |yj¢| { flow conservation }
<t {yji¢ Cyja=yVyrt Ct}
=1

This completes the proof.

7.3 Generalisation of Hall’s Theorem

Hall’s theorem deals only with the situation, if |p| < |pa| for all point relations
p: I — X holds. The following theorem makes it possible to predict what will
happen in the case of “defect” relations, which don’t satisfy this requirement
properly.

Theorem 7.4: Let o : X — Y, X and Y like in Hall’s theorem and let §(a) :=
maz .- x (|p| — |pe]) like in Corollary 7.2. If §(a)) > 0, then exists a mazimal
matching f of a with |f| = |Vx1| — §(a).

Proof: We choose a set Z with |Z| = Viz = 6(a) und ZN (X UY) = 0,
further similarly to the proof of Hall’s theorem tow relations i : Y — YUZ and
j:Z —YUZ with i(y,z) =1 iff y = z and j(z,z,) = 1 iff z = z. Additionally
we construct a relation & : X — YUZ by & = ai U Vxzj. Then holds for all
relations p : I — X with p # Orx:

lpé| = |p(ai UV xzj)|

{ definition of & }

= |pai| + |pV x 2] { disjointness }

= [pa] + [pVx 2] { [pail = |paii*| = |pal }

= |pal + |pVxz] { j matching }

= |pa| + [Viz| {p#0ix = pVxz=Viz }
= |pa| + () { construction of Z }

> |pal + (|p| — |pal) { definition of 6(x) }

= |l

For p = 0rx obviously |p| = |pa] = 0 holds, so Hall’s theorem states here,
that a injection g : X — Y with g C & exists. We now construct a relation
f:=gi* : X — Y. This relation f is a matching, because

fﬁf — (giﬁ)ﬁ(giﬂ) - igﬁgiﬁ C i = idy
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and
f18 = (gi*)(giF)F = gitig? C gg* = idx
hold.
From the injectivity of ¢ and by construction of ¢ and j follows
Vix|= lgl = lg(i*i U j%5)] = g + |g7*]
and hence
|f1 = 19i* = |Vix| = l9j*| > [Vix| = [Viz] = [Vix| = 6(a)

By corollary 7.2 holds | f| < |Vrx|—&(a), so that both the desired equality and
the maximality of f follow. l

48



